Off-diagonal coefficients of 
the DeWitt- Schwinger and Hadamard representations of the Feynman propagator 
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Having in mind applications to gravitational wave theory (in connection with the radiation 
reaction problem), stochastic semiclassical gravity (in connection with the regularization of the 
noise kernel) and quantum field theory in higher-dimensional curved spacetime (in connection with 
the Hadamard regularization of the stress-energy tensor), we improve the DeWitt-Schwinger and 
Hadamard representations of the Feynman propagator of a massive scalar field theory defined on 
an arbitrary gravitational background by deriving higher-order terms for the covariant Taylor series 
expansions of the geometrical coefficients - i.e., the DeWitt and Hadamard coefficients - that define 
them. 
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I. INTRODUCTION 

The short-distance behavior of the Green functions 
of a field theory defined on a curved spacetime is of 
fundamental importance at both the classical and the 
quantum level. This has been emphasized at the be- 
ginning of the 1960s by Bryce DeWitt in his pioneering 
works dealing with i) the radiation emission of a particle 
moving in a gravitational background and the radiation 
reaction force or self-force felt by this particle and 
ii) the general problem of the quantization of fields in 
curved spacetime 2:|- In order to describe this short- 
distance behavior, DeWitt, extending some ideas devel- 
oped in Refs. [1,11,1^, introduced the so-called DeWitt- 
Schwinger and Hadamard representations of the Green 
functions. These two tools have since been extensively 
and successfully used to analyze and understand various 
aspects of gravitational physics, from gravitational wave 
theory to renormalization in quantum gravity. We refer 
to the monographs of Birrell and Davies , Fulling '^1 j 
Wald (8||, Avramidi (Qj and to the recent review articles 
by Vassilevich and Poisson ^ as well as to refer- 
ences therein for a non-exhaustive state of affairs of the 
literature concerning the status and the use of these two 
representations . 

On a curved spacetime, the DeWitt-Schwinger repre- 
sentation is constructed from the sequence of the De- 
Witt coeflticients (also called heat-kernel coefficients in 
the Riemannian framework) An{x,x') with n e N which 
are purely geometrical two-point objects formally inde- 
pendent of the dimension d of spacetime and defined by 
a recursion relation. The DeWitt coefficients A„(x, x') of 
lowest orders encode the short-distance singular behavior 
of the Green functions and, as a consequence, their de- 
termination is an important problem. Unfortunately, in 
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general, these coefficients can not be determined exactly. 
It is however possible to look for them in the form of a 
covariant Taylor series expansion for x' in the neighbor- 
hood of X 

An{x,x') = an{x) - a„^^(x)CT'^i(x,x') 

+ ^"'n^n^^2 (a;)^'^' {x, x')a'^'^ {x, x') + ... 

(here cr[x, x') denotes the geodetic interval between x and 
x' 0,13) and to try then to "solve" the recursion relation 
defining them. This is not an easy task and computa- 
tional complications increase very rapidly with the orders 
n and p of the coefficient aniii...iip{x) which is a scalar of 
order constructed from the Riemann tensor R and 

its derivatives. In fact, during the last forty years, it is 
mainly the determination of the so-called diagonal De- 
Witt coefficients a„(x) = An{x,x) with n > 1 (we have 
the trivial result ao(a;) = 1) which has attracted the at- 
tention of theoretical physicists in connection with renor- 
malization in the effective action for quantum field theo- 
ries and quantum gravity and with gravitational anoma- 
lies. In addition, mathematicians have calculated these 
coefficients in connection with spectral geometry, topol- 
ogy of manifolds and the Atiyah-Singer index theorem 
|l2l |. Among the numerous important results obtained 
by very different technical approaches, it is worthwhile 
pointing out the derivation of the following: 

i) ai (x) and 02 (x) by DeWitt |2| for a scalar field 
(in the presence of a Yang-Mills background) and for 
the Dirac spinor field both propagating on an arbitrary 
curved spacetime; 

ii) 03 (x) by Sakai 13] for an ordinary scalar field 
theory defined on an arbitrary curved space and by 
Gilkey T^l for the general case, i.e. for tensorial field 
theories defined on Riemannian manifolds in the pres- 
ence of external gauge fields; 

iii) a4(x) by Amsterdamski, Berkin and 
O'Connors jlJl for an ordinary scalar field and by 
Avramidi, in Ref. (see also the corresponding 
erratum [13)1 for the general case; 
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iv) 05(2;) by Van de Ven for the general case. 

The importance, from the physical point of view, of 
the off-diagonal DcWitt coefficients has been clearly re- 
alized in the mid-f970s when interest in the regulariza- 
tion and renormalization of the stress-energy tensor as- 
sociated with a quantum fie ld prop agating on a curved 
spacetime began to grow 20, 2f]. Indeed, it appeared 
that, in this context, the knowledge of the first terms of 
the covariant Taylor series expansions of the DeWitt co- 
efficients of lowest orders was crucial. Christensen then 
derived the covariant Taylor series expansions of the De- 
Witt coefficients Ao{x,x'), Ai{x,x'), and A2{x,x') up to 
orders and cr*^ respectively for an ordinary scalar 

field theory in 1976 j20i] and for the spin 1/2- and spin 1- 
theories in 1978 Christensen's work has had a great 
impact on quantum field theory in curved spacetime: in 
connection with the point-splitting prescription , it has 
provided a general technique for the regularization and 
renormalization of the stress-energy tensor. However, it 
is important to note that Christensen's results have a 
limited domain of applicability: they have been used to 
regularize the stress-energy tensor in a four-dimensional 
curved spacetime and they could also permit us to de- 
velop the regularization process in a three-dimensional 
curved spacetime but, to our knowledge, this has never 
been explicitly realized. Nowadays, supergravity theo- 
ries, string theories and M-theory predict that spacetime 
has more dimensions than the four we observe. In this 
context, it is therefore necessary to extend the Chris- 
tensen's method taking into account the possible extra 
dimensions: in order to be able to work in five dimen- 
sions, it is necessary to derive the DeWitt coefficients 
Ao{x,x'), Ai{x,x') and A2{x,x') up to orders cr^/^, cr^/^ 
and cr^/^; in order to be able to work in six dimensions, it 
is necessary to derive the DeWitt coefficients Aq{xtX')^ 
Ai{x,x'), A2{x,x') and A^{x,x') up to orders cr^, cr^, 
and a^] ... in order to be able to work in ten dimen- 
sions, it is necessary to derive the DeWitt coefficients 
A\^{x,x'), Ai(x,x'), A2{x,x'), A^{x^x'), A4^{x,x') and 
Ac,{xtX') up to orders cr^, ct**, ct^, , ct^ and cr°; and in 
order to be able to work in eleven dimensions, it is neces- 
sary to derive the DeWitt coefficients Aq{x, x'), ^1(2:, x'), 
A2{x,x'), A^^x^x'), A4{x,x') and A^^x^x') up to orders 
(7^/2, ^5/2, a3/2 and a'/\ 

In fact, we do not need to appeal to supergravity theo- 
ries, string theories and M-theory as well as the possible 
extra-dimensions of spacetime to justify the necessity to 
go beyond Christensen's results. In recent works deal- 
ing with four-dimensional gravitational physics, such a 
necessity has clearly appeared in two different contexts: 
in the quantum domain of stochastic semiclassical grav- 
ity, in connection with the regularization of the noise 
kernel, but also in the classical domain of gravitational 
wave theory, in connection with the radiation reaction 
force. As far as the noise kernel is concerned, it should 
be recalled that it is a measure of the fluctuations of the 
stress-energy tensor associated with a quantum field the- 
ory defined on a curved spacetime. It is defined as the 



vacuum expectation value of a bitensor constructed by 
taking the product of the stress-energy-tensor operator 
with itself [2^ |23| . It plays a central role in stochastic 
semiclassical gravity (see Ref. for a review on this 
topic) permitting us to define the stochastic part of the 
source in the Einstein-Langevin equations. Its regulariza- 
tion, in the coincidence limit, necessitates the knowledge 
of the di verg ent part of the Feynman propagator up to 
order [23| and therefore the knowledge of the DeWitt 
coefficients Ao{x,x'), Ai(x,x'), A2{x,x') and ^3(2;, a;') 
up to orders a^, a"^, and . As far as the radiation 
reaction force is concerned, it should be recalled that 
its computation in Schwarzschild and Kerr spacetimes 
for arbitrary orbits is now an urg ent problem of gravita- 
tional wave theory (see Ref. fllj| for a review as well as 
Refs. 25, 26] for recent important progress). In partic- 
ular, the computation of the nonlocal part of this force 
(it is an integral of the retarded Green function over the 
past trajectory of the particle moving in the gravitational 
background and which is the source of the gravitational 
radiation) has been considered in recent works [27l |2^ 
and the necessity, in this context, to go beyond Chris- 
tensen's expansions of the DeWitt coefficients has been 
pointed out. 

On a d-dimensional curved spacetime, the Hadamard 
representation is constructed from a set of two-point co- 
efficients, the so-called Hadamard coefficients, which are 
also defined by recursion relations. For d even, there ex- 
ists 3 families of Hadamard coefficients noted Un{x,x') 
with n = 0, 1, ... , d/2 — 2 and Vn(x, x') and Wn{x, x') 
with n e N, while for d odd, there exists 2 families 
of Hadamard coefficients noted Un{x,x') and Wn{x,x') 
with n G N. The Hadamard coefficients Un{x,x') 
and Vn{x,x') are, like the DeWitt coefficients An(x,x'), 
purely geometrical objects and here again those of low- 
est orders encode the short-distance singular behavior of 
the Green functions. In fact, the Hadamard coefficients 
Un{x,x') and Vn{x,x') can be constructed from the De- 
Witt coefficients An{x,x'). Thus, the knowledge of the 
covariant Taylor series expansions for x' in the neigh- 
borhood of X of the DeWitt coefficients permits us to 
construct immediately the corresponding expansions of 
the geometrical Hadamard coefficients. As far as the 
coefficients Wn{x,x') are concerned, it is important to 
note that they correspond to a finite part of the Green 
functions and that they are neither determined in terms 
of the local geometry nor uniquely defined by a recur- 
sion relation. As a consequence, they can be used to en- 
code supplementary physical information concerning the 
studied field (boundary conditions, quantum state de- 
pendence, ...). Because of that property, the Hadamard 
representation is in our opinion more interesting than 
the DeWitt-Schwinger one. Moreover, in the context of 
the regularization of the stress-energy tensor, the Chris- 
tensen approach has been replaced by a variant based on 
the Hadamard representation, the so-called Hadamard 
method IMIlSlsllslllllMlllllllllllllli. It 
is more general than the original method and more effi- 
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cient. Furthermore, because of its axiomatic foundations 
[1,|2^|32, it is more rigorous. It has been developed in a 
four-dimensional framework and its extension in higher 
dimensions necessitates the derivation of the covariant 
Taylor series expansions of the Hadamard coefficients be- 
yond the orders reached in Rcfs. m S El El S H 

Hi sin HI Hi . 

In the present article, we shall consider the DeWitt- 
Schwinger and Hadamard representations of the Feyn- 
man propagator of a massive scalar field theory and 
we shall improve these two representations by obtaining 
higher-order terms for the covariant Taylor series expan- 
sions of the coefficients - i.e., the DeWitt and geomet- 
rical Hadamard coefficients - that define them. More 
precisely, we shall first provide the covariant Taylor series 
expansions of the DeWitt coefficients Ao{x, x'), Ai{x, x'), 
A2{x, x') and A^{x, x') up to orders , cr^, and cr" re- 
spectively. We shall then provide the following: 

i) in three dimensions, the covariant Taylor series 
expansions of the geometrical Hadamard coefficients 
Uo{x,x'), Ui(x,x'), U2(x,x') and U^ix^x') up to orders 
cr'^, (T^, cr^ and cr" respectively or, in other words, the 
covariant Taylor series expansion of the divergent part 
U{x,x') / a'^/'^{x^x') of the Hadamard representation up 
to order cr^/^; 

ii) in four dimensions, the covariant Taylor series 
expansions of the geometrical Hadamard coefficients 
Uq{x,x'), Vq{x,x'), Vx{x,x'), and V2{x,x') up to orders 

, (7^, cr^ and respectively or, in other words, the 
covariant Taylor series expansions of the divergent parts 
J7(x, x')/a{x, x') and V{x^ x') In (t(x, x') of the Hadamard 
representation up to order cr^ and ct^ Incr respectively; 

iii) in five dimensions, the covariant Taylor series 
expansions of the geometrical Hadamard coefficients 
Uq{x,x'), Ui{x,x'), U2(x,x') and U^(x,x') up to orders 

, (T^, CT^ and respectively or, in other words, the 
covariant Taylor series expansion of the divergent part 
\J [x^x') I a^l'^ix^x') of the Hadamard representation up 
to order cr^/^; 

iv) in six dimensions, the covariant Taylor series 
expansions of the geometrical Hadamard coefficients 
Uo{x,x'), Ui{x,x'), Vq{x,x') and Vi{x,x') up to or- 
ders , cr^, and ct° respectively or, in other words, 
the covariant Taylor series expansions of the divergent 
parts U{x,x')/a'^{x,x') and V{x,x')lna{x,x') of the 
Hadamard representation up to order a and cr In ct re- 
spectively. 

Our article is organized as follows. In Sec. II, we estab- 
lish the framework of our study as well as our notations. 
In particular, we establish the relationship linking the 
DeWitt and the geometrical Hadamard coefficients and 
we also prove that the DeWitt-Schwinger representation 
possesses the Hadamard form. In Sec. Ill, by combining 
the old covariant recursive method of DeWitt Q with 
results obtained from the modern covariant non-recursive 
approach of Avramidi d S| , we explicitly construct the 
covariant Taylor series expansions of the DeWitt coeffi- 
cients Ao{x,x'), Ai{x,x'), A2(x,x') and A3{x,x') up to 



orders a^, cr^, and a" respectively. In Sec. IV, we 
translate the results previously obtained in the frame- 
work of the Hadamard formalism and we provide the ex- 
plicit expressions for the covariant Taylor series expan- 
sions of the corresponding geometrical Hadamard coeffi- 
cients. Finally, in Sec. V, we discuss possible extensions 
of our work as well as immediate applications. In five 
appendixes, we gather some technical details which have 
been used to derive our results. In these appendixes we 
have also provided the covariant Taylor series expansions 
of the bitensors A^/^, A-'^/'^A^^^.f.a''^, a-^^ and guu'(J-/ 
beyond the orders needed in the present article, i.e. up to 
orders cr^^/^, cr^/^, tr^/^ and cr^^^ respectively. We think 
that these results could be very useful in a near future 
for people working in the field of gravitational physics. 

It should be noted that we shall use the geometrical 
conventions of Hawking and Ellis m concerning the def- 
initions of the scalar curvature i?, the Ricci tensor i?^,^ 
and the Ricmann tensor Rf^upa and we shall extensively 
use the commutation of covariant derivatives in the form 

/Tip... _ rpp... _ 

a... -MP {T...-.fiu 

+R\^,T^-, + ■■■- R\^,TP-. (1) 

II. DEWITT-SCHWINGER AND HADAMARD 
REPRESENTATIONS 

We shall consider a massive scalar field $ propagating 
on a d-dimensional curved spacetime (A^, g) and obeying 
the wave equation 

(□ - - ^R) $ = 0. (2) 

Here m is the mass of the scalar field, ^ is a dimensionless 
factor which accounts for the possible coupling between 
the scalar field and the gravitational background and we 
shall assume that d > 2. We shall focus our attention on 
the Feynman propagator G^{x,x') solution of 

{a^-m'^ ^^R)G^(x,x') = -S''{x,x') (3) 

with 5'^{x,x') = [—g{x)]^^^^{x)6^{x — x'), or more pre- 
cisely on the way in which its DeWitt-Schwinger and 
Hadamard representations encode its short-distance be- 
havior. It should be noted that our presentation does 
not pretend to be mathematically rigorous. It is however 
possible to find precisions concerning the mathematical 
status of the DeWitt-Schwinger and Hadamard represen- 
tations as well as the nature of the series defining them 
in Refs. Iillli|42,d3t^i45i. 

A. DeWitt-Schwinger representation of G^{x,x') 

We first recall that the DeWitt-Schwinger representa- 
tion of the Feynman propagator G^{x, x') is given by (see 
Refs. Him El) 

G^g{x,x)=i I H{s;x,x')ds (4) 
Jo 
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where H{s; x, x') is a function which satisfies 

d \ 
i— + U,^-n?~S,R]H{s]x,x')^Q for s>0 
OS J 

(5a) 

with the boundary condition 

H{s;x,x') ^ 5'^{x,x') as s ^ 0, (5b) 

and which can be formally written, for s ^ and x' near 
X, on the form 

H{S- X, X') = i(47ris)-''/2 ^{^/2s)[a(x,x')+^e]-^m^s 



+ 00 

^ A„(x,a;')(is)'^ 

n=0 



(6) 



Here the factor ie with e ^ 0+ is introduced to give 
to G^g{x,x') a singularity structure that is consistent 
with the definition of the Feynman propagator as a time- 
ordered product. Furthermore, the DeWitt coefficients 
An{x,x') labelled by n g N are a sequence of biscalar 
functions, symmetric in the exchange of x and x', regular 
for x' X, and defined by the recursion relations 

(n + l)A„+i + A„+i;^a-^ ~ A„+iA-i/2Ai/ V'^''^ 

= (D^ - ^R) A„ for n e N (7a) 



and the boundary condition 



(7b) 



In Eqs. © and 17a|) . a{x, x') is the geodetic interval - i.e., 
2CT(x,a;') is the square of the geodesic distance between 
X and x' - and we have a{x,x') < if a; and x' are 
timelike related, cr(x, x') = if a; and x' are null related 
and a{x,x') > if x and x' are spacelike related. It is a 
biscalar function that satisfies 



2a = CT'^cr., 



(8) 



In Eqs. (|7a|) and (|7b|) . A{x, x') is the biscalar form of the 
Van Vleck-Morette determinant ;2|. It is defined by 

A{x,x') = ~[~gix)]-'/^deti~a..,,,{x,x'))[-gix')r'^^ 

(9) 

and it satisfies the partial differential equation 

and the boundary condition 

lim A{x,x') = 1. (10b) 



The recursion relations H7a|) , the boundary condition (|7b|) 
and the relations JHI and IjlUI) insure that the function 
H{s; X, x') given by © is a solution of ifSajl and (|5bl) and 
therefore that Q solves the wave equation (Q. The De- 
Witt coefficients An{x,x') can be formally obtained by 
solving the recursion relations H7a|l taking into account 



the boundary condition Ij7b|l . This can be realized by in- 
tegrating along the geodesic joining x to x' (it is unique 
for x' near x or more generally for x' in a convex nor- 
mal neighborhood of x). As a consequence, the DeWitt 
coefficients are determined uniquely and are purely geo- 
metrical objects, i.e. they only depend on the geometry 
along this geodesic. 



B. Hadamard representation of G^(x,x') 

As far as the structure of the Hadamard representa- 
tion of the Feynman propagator G^{x,x') is concerned, 
we recall that it depends on whether the dimension d of 
spacetime is even or odd. For d even, it is given by (here 
we extend considerations developed in Refs. [EES US) 



G^{x, x') = i 



(rf/2_-2)! 
2(27r)'i/2 



U{x,x') 



[(j{x, x') 



+ V{x, x) ln[cr(a;, x) + ze] + W(x, x) 



(11) 



where U{x,x'), V{x^x') and W{x,x') are symmetric bis- 
calars, regular for x' x and which possess expansions 



of the form 



d/2-2 

U{x,x')^ Un{x,x')a''{x,x') 



n=0 



y(x,a;') = 5I^"(^'^')'^"(^'^')' 

+ CXD 

W{x, x') = ^ Wn{x, x')a"{x, x') 



(12a) 
(12b) 
(12c) 



n=0 



For d odd, it is given by (see Refs. |5l l42ll43|) 



r(d/2- 1) 



2(27r)^/2 



U{x,x') 



[cT{x,x') + ie]'^/^- 



+ W{x,x') 



(13) 



where U{x,x') and W{x^x') are again symmetric and 
regular biscalar functions which now possess expansions 
of the form 



+ 00 



U{x,x') = YUn{x,x')a''{x,x'), (14a) 

n=0 
-t-oo 

W{x,x') = ^ W„(a;,a;')cr"(a;,x'). (14b) 



n=0 



In Eqs. and (|13() . the factor ie with e ^ 0+ is again 
introduced to give to G^{x^x') a singularity structure 
that is consistent with the definition of the Feynman 
propagator as a time-ordered product. 
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For d even, the Hadamard coefRcients Un{x,x'), 
Vn{x,x') and Wn{x,x') are symmetric and regular bis- 
calar functions. The coefficients Un{x,x') satisfy the re- 
cursion relations 

{n + l)(2n + 4 - d)Un+i + (2n + 4 - d)C/„+i;^cr''' 

-{2n + 4 - d)[/„+iA-i/2Ai/V'^'" 
+ - - ei?) ;7„ - 

for n = 0,l,...,fi/2-3 (15a) 

with the boundary condition 

Uo = (15b) 

The coefficients Vn{x,x') satisfy the recursion relations 

{n + l){2n + d)Vn+i + 2{n + l)V„+i,,,a^^ 
-2(n+l)F„+iA-i/2Ai/2^^a^M 

+ {a^ - - ^R) Vn = for n e N (16a) 
with the boundary condition 

(d - 2)Vo + 2T/o;,,<T'^ - 2FoA-i/2ai/2.^^^;p 
+ - - CR) Ud^2-2 - 0. (16b) 

The coefficients Wn{x,x') satisfy the recursion relations 

(n + l)(2n + d)Wn+i + 2{n + l)W„+i;pa''' 
-2(n+l)W^„+iA-i/2Ai/2^^^;M 

+ (4n + 2 + d)K+i + 2F„+i;^a''^ 
-2K+iA-i/2Ai/2^^^^A' 

+ (n^ - - £,R) Wn = for n e N. (17) 

From the recursion relations H15a(l . H16a|l and p7(l . the 
boundary conditions (|15bl) and (|16b|) and the relations 
(jHl) and (|10|l it is possible to prove that the Hadamard 
representation Hll|l - H12|l solves the wave equation JSJ. 
This can be done easily by noting that we have 

(□, -m" ~iR)V (18) 

as a consequence of (II Ball and 

a -m" -iR)W = ~ {U., - - ^R) Ud/2-2 
-{d - 2)V - 2V^^cr''^ + 2yA-i/2^i/2.^(T''" (19) 

as a consequence of (|16b(l and (|17|l . The Hadamard coef- 
ficients Un{x, x') can be formally obtained by integrating 
the recursion relations H15a() along the geodesic joining 
X to x' . Mutatis mutandis^ the Hadamard coefficients 
Vn{x,x') can be obtained by solving the recursion rela- 
tions p6a|) . As a consequence, the Hadamard coefficients 
Un{x, x') and Vn(x, x') are purely geometric biscalars. As 
far the Hadamard coefficients Wnix^x') are concerned, 
it should be noted that the biscalar Wq{x,x') is unre- 
strained by the recursion relations p7|) . These relations 



only determine the Wn{x,x') with n > 1 once Wq{x,x') 
is specified. 

For d odd, the Hadamard coefficients Unix^x') and 
Wn{x,x') are symmetric and regular biscalar functions. 
The coefficients Un{x,x') satisfy the recursion relations 

{n -I- l)(2n + 4 - d)C/„+i + {2n + 4 - rf)C/„+i;^cr''^ 
-(2n + 4-d)C/„+iA-i/2Ai/2^^^;M 

+ (D^ - - ^R) Un = for n G N (20a) 

with the boundary condition 

Uo = Ai/2. (20b) 

The coefficients Wn{x,x') satisfy the recursion relations 

{n + l)(2n + d)Wn+i + 2(n + l)Wn+i-^<J''' 
-2(n+l)T4^„+iA-i/2Ai/^^a^^ 
+ (D^ - - ^R) Wn^O for n e N. (21) 

From the recursion relations (|20a|l and l|21(l . the bound- 
ary conditions l|20b() and the relations JHjl and H10|l it 
is possible to prove that the Hadamard representation 
(fT^ - ((T^ solves the wave equation This can be done 
easily from 

(□^ -m'^~^R)W^O (22) 

which is a consequence of (j2U- Here again, it should be 
noted that the Hadamard coefficients Un{x, x') are purely 
geometric biscalars which can be formally obtained by in- 
tegrating the recursion relations l|20al) along the geodesic 
joining x to x' . Here again the biscalar Wo{x,x') is un- 
restrained by the recursion relations H21|l . 

C. From the DeWitt coefficients A„{x,x') to tlie 
geometrical Hadamard coefficients Un{x,x') and 

It is possible to establish the relationship linking 
the DeWitt coefficients An{x,x') and the geometrical 
Hadamard coefficients Un{x,x') and Vn{x,x'). In order 
to do this, we first introduce a new sequence An(rn^; x, x') 
with 71 G N of geometrical coefficients which we shall call 
the mass-dependent DeWitt coefficients. They are de- 
fined as the sequence of biscalar functions, symmetric in 
the exchange of x and x' , regular for x' — s- x, which sat- 
isfy the recursion relations 

{n + l)i„+i + i„+i;^(7''' - A-i/^Ai/V^''' 

= {Da: -rr? - £,R) i„ for n e N (23a) 

and the boundary condition 

Ao = Ai/2. (23b) 

Of course, they are linked to the (ordinary) DeWitt co- 
efficients An{x,x'). We have 

An{x, x') = An{m'^ = 0; x, x') (24) 
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and a direct comparison of Eqs. H23|l and ^ permits us 
to obtain easily 

i„(m2; X, x') = J2 ^-^(™')'^A„_fc(x, x'). (25) 

fc=0 

Now, by comparing the equations (|15|l and (|16|l defining 
the Hadamard coefficients for d even with the equations 
(|23|l defining the mass-dependent DeWitt coefficients, we 
can obtain 



Unix,x') = 



^'"-^--^■A^im^;x,x') 
2"(d/2-2)! ' ' ^ 

forn = 0, f,...,d/2-2, (26a) 



(-1) 



Vn{x,X ) — 2,i+<i/2-l 



n+1 



2n+d/2-i„!(^/2-2)! 
for n G N. 



^n+d/2-i(»7i^;a;,a;') 



(26b) 



and therefore we estabhsh from H25|) the relations 



defining the mass-dependent DeWitt coefficients, we can 
obtain 



U„{x,x') ^^^{^—^-^An{m^;x,x') for n e N 



2«r(d/2 - f) 



and therefore we establish from 125|) the relation 



Un{x,x') 



T{d/2- 1-n) 
2"r(d/2- f) 



" ('_1^fe 



kl 



for n e N. 



(28) 



(29) 



Un{x,x') 



(d/2-2-n)! ^ (-f) 



2"(d/2-2)! /fc! 

^ ' ' k=0 



{mYAn^k{x,x') 



forn = 0, f,...,d/2-2, (27a) 

Vn{X,X )- 2"+'i/2-l7l!(d/2-2)! 

n+rf/2-1 

X 



E ^-^("^')''A>+<i/2-i-fc(a:,.x') 



fc=0 



for n G 



(27b) 



Similarly, by comparing the equations H20I) defining the 
Hadamard coefficients for d odd with the equations H23(l 



D. Hadamard form of the DeWitt-Schwinger 
representation 



The short-distance behavior of the DeWitt-Schwinger 
representation G^g{x,x') of the Feynman propagator 
does not explicitly appear in its expression given by 
Eqs. Q-®. In fact, this behavior is of the same form as 
that of the Hadamard representation G^(a;,a;'). Indeed, 
it is possible to prove that the DeWitt-Schwinger repre- 
sentation is a particular case of the Hadamard one (see 
Appendix A for details). It corresponds to the Hadamard 
representation constructed from the biscalar Wo{x,x') 
given by 



Wo{x, x') = [ln(mV2) + 7 - ^|J{d/2)] Vo{x, x') 



1 



2^/2-i(d/2-2)! 
for d even and by 

f 



(-1) (™ ) 

fe=0 



fe / d/2-1 



k\ 



1 \ — k\ 

E 7 I ^d/2-i-k{x, x) - Yl —^-k+iAa/2+k{x, x') 

k=a v"^ 



i=k+l 



(30) 



Wo{x,x') = 



2'i/2-ir(d/2 - 1) 



d/2-3/2 

E 

k=0 



2\k+l/2 



T{k + 3/2) 



+ 00 



, y-^ T{k + 1/2) ^ . 

■'^Ad/2-3/2^k[X,X ) - > ——-TTUJ^d/2-l/2+k(x,X ) 

fc=0 (™ ) 



(31) 



for d odd. 

In Eq. I|3U|) . ip denotes the logarithm derivative of the 
gamma function and 7 is the Euler constant. The patho- 
logical behavior for — > (infra-red divergence) of this 
Hadamard coefficient must be noted. Of course, such a 
behavior also exists for the DeWitt-Schwinger represen- 



r 



tation G^^{x,x') of the Feynman propagator. Further- 
more, it should be also noted that for d = 4 we recover 
the result derived by Brown and Ottewill in Ref. [3^. 
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III. COVARIANT TAYLOR SERIES 
EXPANSIONS OF THE DEWITT COEFFICIENTS 

In this section, we shall solve the recursion relations (0 
by looking for their solutions An{x,x') with n = 0, 1,2 
and 3 as covariant Taylor series expansions for x' near x 
of the form 

An{x, x') = Unix) + ^ j— a„ (p) (x, x') (32) 

p=l p- 

where the a„ (p)(a;, x') with p — 1,2,... are biscalars in 
X and x' which are of the form 

an(p){x,x') = a„ ai...ap(a;)cr'°'(x,x') . . . cr'"" (x, a;'). 

(33) 

In fact, we shall first construct the covariant Taylor series 
expansions of the mass-dependent DeWitt coefficients 
An{m^;x, x') with n = 0, 1, 2 and 3 defined by (ESJ. In- 
deed, from these results, we shall then immediately ob- 
tain the expansions of the DeWitt coefficients An{x,x') 
with n = 0, 1, 2 and 3 by using H24|l and, in the next sec- 
tion, we shall be able to easily obtain the expansions of 
the corresponding geometrical Hadamard coefficients by 
using H26I) and H28I) . We shall write the covariant Taylor 
series expansions of the mass-dependent DeWitt coefR- 
cients in the form 

+ 00 

An{m^;x,x') = dn{m'^;x) + ^ j— a„ (p) (m^; a;, x') 

p=i P- 

(34) 

where the a„ (p)(m^; x, x') with p = 1, 2, . . . are biscalars 
in X and x' which are of the form 

an{p){m^\x,x') = a„ ai...ap{m'^;x) 

xa"'^{x,x')...a'''^{x,x). (35) 

We shall use the covariant recursive method invented 
by DeWitt [U B and developed by many others (see 
Refs. [13, El m llll and references therein). This 
method requires preliminarily the knowledge of the co- 
variant Taylor series expansions of various bitensors such 
as a;p„ Wf^;/', Ai/2, A-V2ai/2.^^;a.^ DAi/s... Here 
g^u' denotes the bivector of parallel transport from x to 
x' (see Refs. 0,0) which is defined by the partial differ- 
ential equation 

gtj^u'ipcr''' = (36a) 
and the boundary condition 

lim gf_,^> = g^^. (36b) 

X — >x 

The construction of all the previously mentioned expan- 
sions is a rather hard task. DeWitt has shown that it 
necessitates the knowledge of the coincidence limits 

lim (J.at...ar,- (37) 



They can be obtained by repeatedly differentiating the 
relation © and can be expressed as complicated sums of 
terms involving products of derivatives of the Riemann 
tensor. Unfortunately, obtaining the coincidence limits 
(|37|l becomes more and more difficult as the order p in- 
creases (see the discussion on pp. 180-183 of Ref. 0) and 
is even a formidable computational challenge (see the "re- 
cent" analysis by Christensen in Ref. 47]). In the 1960s, 
DeWitt derived the coincidence limits (|37() up to order 
p — A and the covariant Taylor series expansion of A^/^ 
up to order cr ■ In the mid-1970s, Christensen was 

able to obtain them up to orders p = & and tr^ respec- 
tively [23,01 and in the mid-1980s. Brown and Ottewill 
have slightly improved Christensen's results by reaching 
the orders p = 7 (the corresponding results do not ap- 
pear in their article but they appear in a recent article 
by Anderson, Flanagan and Ottewill 28]) and cr^/^ re- 
spectively. It should be also noted that Phillips and Hu 
in Ref. 23] claim to have reached the order p — 8 for the 
coincidence limits (I37|l but we think that their results are 
not correct because they lead to covariant Taylor series 
expansions of (T;^^ and A^/^ up to order which are 
wrong (see Appendixes B and C). 

Happily, as early as 1986, Avramidi introduced in his 
PhD thesis (see Ref. ^3 for the English translation and 
Ref. [3 for a revised and expanded version) a set of 
new and powerful non-recursive techniques permitting 
the construction of the covariant Taylor series expansions 
of various bitensors needed in quantum gravity which 
avoid the preliminary construction of the coincidence lim- 
its (|37f) . By using Avramidi's techniques, we have explic- 
itly obtained all the covariant Taylor series expansions of 
the bitensors we need in order to solve the recursion re- 
lations H23|) up to the orders announced in Sec. I. All 
our results are displayed in Appendixes B, C and E. In 
these appendixes, we have also provided the covariant 
Taylor series expansions of A^/^, A^^/^ A^/^^^cr^'', ct^^^ 

and giJi^'d.^'^ beyond the orders needed here, i.e. up to 
orders ct^^^^, cr^/^, u®/^ and cr^/^ respectively. Such re- 
sults show the power of Avramidi's techniques. In fact, 
even if we do not need them in the present article, we 
think that they could be very useful in a near future for 
other people working in the field of gravitational physics. 
Furthermore, we shall use them in our next article 
where we intend to develop the Hadamard regularization 
of the stress-energy tensor for a quantized scalar field in 
a general spacetime of arbitrary dimension. 

In summary, we shall now solve the recursion relations 
(I23|l (and therefore the recursion relations 0) by com- 
bining the old covariant recursive method of DeWitt with 
results obtained from the modern covariant non-recursive 
techniques developed by Avramidi. In order to simplify 
our calculations, we shall in addition use the symmetry 
of the mass-dependent DeWitt coefficients An{m?]x,x') 
with n £ N in the exchange of x and x' . This property in- 
duces constraints on the coefficients a„ (p-) [m?] x, x') with 
p odd and, in Appendix D, we have obtained and dis- 
played various associated results which will be very useful 
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in this section. In the same appendix, we have also col- 
lected important results concerning the covariant Taylor 
series expansions of the covariant derivative, the second 
covariant derivative and the d'Alembertian of an arbi- 
trary biscalar. 

A. Covariant Taylor series expansion of Ao(m^; s, a;') 

The mass-dependent DeWitt coefficient Ao{'m?;x,x') 
is equal to A^/^(x,a;') (see Eq. ()23b|l ). Its covariant Tay- 



lor series expansion is then given by (see Appendix C and 

Eqs. (Ezi, dHHi) and dnini-iinini) 

I ^ 7: „'-o>-,h-c-d ^ ~ -.a-h-c-d-e 

+ ^ao abcdCT a' a a' ~ — ap abcde(^ <^ cr a" a' 
+ ^ao abcde/fT^V^V^V^'^a^V^^ + O (a^'^) (38) 

with 



ao = 1 
ao a = 

ao ab = (1/6) Rab 

ao abc = (1/4) R{ab-c) 

w = (3/10) R(ab,,a) + (1/15) R\,^,^,R\\p\^) + (l/12)i?(„fci?,rf) 

bcde = (l/3)-R(afc;c<ie) + (1/3) -R''(<j|r|b-^''c|p|<i;e) + (5/12)i?(a6^cd;e) 

" + (15/28) R\,\r\b;cR\\p\e-J) + (3/4) i?(afci?cd;e/) 

■ '-"^ . (5/72) R^^^R^^R^f-^ (39g) 



0^0 abed 
^0 abode 



ao abcdef - (5/14) R(^ab;cdef) + (4/7) R\a\T\b^'' c\p\d;ef) + (1-/ — / (a|r|b;c" <I|p|e;/ 
(8/63)i?''(^|^|f,i?^c|^|d^''e|p|/) + (l/6)^(ab^''c|^|d^^e|p|/) ' 



(39a) 
(39b) 
(39c) 
(39d) 
(39e) 

(39f) 



-(5/8) R(ab-cRde-f) 

and we can also write 



12 

^ " ^R'arbR\pd + ^^'^^^-.i] 



80 ''"'^''^ 360 



R'' arb^'' cpd;e + l^RabRcd-e (J'" <7'^ (J' 



(J (7 CT' a' 



2QYQRab-cdef + ^2QQ arb^ cpd-ef + ^344 ^''aT6:c^ dpe;/ + ^QQ^abRcdief + -Rab:c-Rde;/ 



2016 

arb^'' cadR" epf + '^^RabR'' crd^^ epf + IQ^Q^^'^'^^'^'^^'^f 



',a -b -c 



a-'^d-V'^ + O (f7^/2) . (40) 



B. Covariant Taylor series expansion of Ai{m'^;x,x') 

The mass-dependent DeWitt coefficient Ai(m^;a;,x') 
is the solution of Eq. (|23a|l with n = 0, i.e. it satisfies 

ii + ii;pa''' - iiA-i/2Ai/2.^^;M 

= (□, - - ^R) Ao. (41) 

In this equation, wc replace Ai by its covariant Taylor 
series expansion for x' in the neighborhood of x given by 

Ai — di ~ di aO-'° + —di ab(^'°'o-''' - -^ai abc<^'°' cr''' a''^ 
+ ^^1 abcda-^a^'a-^'J-''' + O (a"^^^ . (42) 



By using the covariant Taylor series expansion of 
/\-i/2/\i/2^^^;m constructed in Appendix C (see 
Eq. ljC18|l ) as well as the constraints induced by the sym- 
metry of Ai{m'^;x,x') under the exchange of x and x' 
(see Appendix D and Eqs. HD13a|) . ljD13b|l and (jPlSp ). 
we can easily obtain the covariant Taylor series expan- 
sion of the left-hand side of Eq. 141|l up to order cr^. The 
covariant Taylor series expansion of the right-hand side 
of Eq. (|41|l up to order can be found from the ex- 
pansions of DAo ~ DA^/^ and Ao — A^/^ respectively 
given by ||ET2)| - ||ET3|) or ||ET4|| and by (1211)-® or (gUJ). 
The direct comparison of the expansions of the left- and 
right-hand sides of Eq. (|41|l yields the coefficients di, di a, 

a-l ab, Oi abc and di abed- 
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ai = - {S,~1/&)R (43a) 
aia = -(l/2)(e-l/6)i?;, (43b) 
ai ab = (1/60) URab - (1/3) (e - 3/20) R,ab - (1/6) 

-(1/6) (e - 1/6) - (1/45) RP^Rpb + (1/90) R^-^Rpaab + (1/90) (43c) 
ai abc - -(1/4) (e - 2/15) R,(abc) + (1/40) (□i?(afc);c) - (1/4) 

-(1/4) (e - 1/6) - (1/4) (e - 1/6) R,^aRbc) - (1/15) 

+ (1/60) R^R\,\p\,,,) + (1/60) i?'',^(,i?%|p|e) + (1/30) R'"'\,R\p.r\b;c) (43d) 

ai ahcd = (1/35) (□i?(ah);cd) - (1/5) (e - 5/42) - (3/10) i?^^^.^^^ _ (3/10) (^ _ 1/6) 

-(1/2) (e - 1/6) i?;(ai?6c;<i) - (1/3) (e - 3/20) i?;(ahi?cd) + (1/60) R(ab^Rcd) " (1/12) ™' i?(afci?cd) 

-(3/35)i?''(^i?|p|,;,,) + (1/105) - (11/210) - (3/70)i?''(^^,i?,,);p 

+ (17/840) i?(,/i?cd);p + (2/105) + (1/105) i?V;k|^%|p|c;d) + (1/30) 

-(4/175) + (11/525) + (11/525) + (4/525) i?''(^|^|,ni?-,|^|,) 

-(1/I5)m2i?''^^l^l^i?-^I^|,) + (4/105) + {l/mR\^^^/R\^p^^y^, 

+ (1/28) R''"\^.^R\par\c-d) - (1/12) (e - 1/6) RR(abRcd) ~ (1/45) R\^R\p\bRcd) + (1/315) R\^R\„\iR\\p\^) 

+ (1/90) i?''"i?(abi?|p|ckM) - (1/15) (e - 1/6) i?i?Vk|6^"c|p|d) + (1/90) R(abR'^\R\par\d) 

+ (26/1575) + (2/63)i?''(^i?Vc^|p.r|d) + i^/l^l^) R'"^^Rp(a\r\bR\a\c\.\d) 

+ (4/525) i?''^V^|P^I>l-l^l«l'^) + (16/1575) R'''\aR\pnr\bRw\c\.\d) + (8/1575) i?''^Vi?|,.|^i?|.|c|K|d).(43e) 
By replacing (|43|l into H42|l we can then write 

1 1 / 3 \ 1 2 



a a 



~^ gQR''aRpb\c 350^'*'^^ "'''''^ 360^'''^'°^ '''"^ 180^'' aRparb-.c 



',a, -b -c 

a a a 



hi^'h) + 1^0^'"'°^'"' ~ 2^""' ^""^^"^ " ^R'aRpb;c.d + ^i?'',i?6c;pd - ^<;b^Pc;< 

1 „ 17 „ .„„ 1 _ 1 _ 1 



^^R'a-bRcd^p + 20160^'^''"^"'''' ^ i2Q0^''^^"'^pb-,-d + 2520^''"'"^"'"'"''^ ^ 720^""'"^"' 

1 T^/i T^/T 11 -n T^/T 11 T^n T^rt- 1 T^n . — i 1 



pP po" I p ;P pO" I pP pO" I pP I ^ pcT" 2 pP per 

1050 cprf "T 12600 cpd ~r 22600 cpd ^ 3150 lo-h'-'^ cpd 360 ao-h^ cprf 

630^'' '^^P'^'^b'Cd + 33gQ^''aCTfc' ^ cpd;T + QJ2^'' a:bRp'rTc;d ^ — RRabRcd — j^QgQ ^''a^pb-^cd 

'7560'^''"^'^''^'"'='"* ^ ^Ym^^"^ ^''bRpcad ~ ^ " g) ^^''aabR'^cpd + ^^RabR^"'" cRp'yrd 



+ YggQQ-^''o-^'^ar6^^cprf + l^^R'' aR" b cRpard + 9459 R''"^ RparbRaciid + 3^59 ^''"^""^P'^ bR<^CK.d 
2 1 

I UPI^T J} J} I UPTK P P 

4725 ° rb^c'CKci -I- ^^25^ a^pr b^crcud 
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C. Covariant Taylor series expansion of A2{rn?\x,x') 

The mass-dependent DeWitt coefficient A2{'m?;x,x') 
is the solution of Eq. (|23a|l with n = 1, i.e. it satisfies 

= (□,-m2-ei?)ii. (45) 

In this equation, we replace A2 by its covariant Taylor 
series expansion for x' in the neighborhood of x given by 

A2 = ~a2- ~a2 aa''' + ahd^V-^ + O (^3/2) . (46) 

By using the covariant Taylor series expansion of 
^"1/2/^1/2^^^;^ given in Eq. (jClSp as well as the con- 
straints induced by the symmetry of A2{x, x') under the 



exchange of x and x' (see Appendix D and Eqs. (|D13a|) 
and (|D15p ). we can easily obtain the covariant Taylor 
series expansion of the left-hand side of Eq. 1)45(1 up to 
order a. The covariant Taylor series expansion of the 
right-hand side of Eq. (|45|l up to order a can be found 
from the expansion Ai given by H42l) - (|43|l or (|44|) and 
from the expansion of □ Ai . The later can be constructed 
by using the theory developed in Appendix D and more 
particularly Eqs. (|D5p . HD8|) and (|D14|I . After the most 
tedious calculation of this article using extensively the 
commutation of covariant derivatives in the form JQ) as 
well as the Bianchi identities (|E1|I and their consequences 
(lE2l)-(|E4|), we obtain 

□ii = ~a'i - ~a'i ^a''^ + la'/ V^" + O [a^'^) (47) 
with 



h'i = - (1/3) (e - 1 /5) UR - (1/6) i? - (1/6) (^ - 1 /6) - (1/90) RpaR"" + (1 /90) Rp^r^R""^" (48a) 
h'i , = -(1/12) (e - 1/5) {UR),a - (1/12) (e - 1/6) RR;a - (1/180) Rp^RP^..^ + (1/180) Rp^mR'^^^.a (48b) 
~a'l = (1/210) UURab - (1/30) (C - 1/7) (□i?);afc - (1/20) ni?^, + (1/6O) R,ab - (7/180) (^ - 1/7) 
-(2/45) (e - 1/7) i?;p(ai?''b) - (1/18) (e - 1/5) (□i?)i?afc + (2/15) (^ - 3/14) R;pR\,.^,^ 
-(2/15) (e - 17/84) R.pR,^" - (1/20) (^ - 2/9) RURab - (1/36) rr^^^ _ (1/63) i?p(,ni?'',) 

+ (1/15) RpaR'\ - (1/350) R'"'Rp„,(ab) - (2/525) R"'' Rp(a:b)a + (8/1575) R^^Rab-pa + (1/315) R'a.aRpb" 

-(1/63) R\,,R\,p - (4/45) (^ - 3/14) R'^^Rpa^b + (2/315) (□i?'"^)i?p,,b - (1/30) RP-R^^,^ 

+ (2/315) RP^'^Rrapia-fi) + (1/225) i?''"ni?pa.fc + (1/105) RP^'^Rpaab-r - (8/1575) i?''"'"(^i?|,,p|f,) 

+ (23/1575) i?''(;""i?|r.p|b) - (4/225) R\^'''^ R\p,r\b) - (2/175) i?''""'=i?p.,(a;b)K + (16/1575) RP^\nRp,rb 

-(1/30) m2 RP-\Rp,rb + (23/3150) R^'^^^Rp^r.^iab) + (1/105) R""\.,^Rp„,^^ + (1/1260) i?''^^%i?p,,«;, 

-(1/36) (^ - 1/6) + (1/15) (^ - 2/9) i?i?pai?'', - (1/540) RP^Rp^Rab + (4/945) R^^RpaRab 

-(1/30) (e - 2/9) RRP^Rpaab - (2/945) RP'R\Rpa.b + (32/4725) i?''"i?"(„i?|,,p|b) 

+ (2/4725) Rp^RP'^^^R^aXb - (1/30) (^ - 2/9) RRP^\Rp^rb + (1/540) RabR^^'^Rpar. 

+ (31/4725) i?p,i?'"'\i?^,;,fc - (1/75) i?p,i?'"^\i?^,fc + (17/4725) ^E^A^b 

-(17/1890) R\^R'"'\^^R\p,r\b) - (34/4725) i?''""^i?p,,«i?\% + (4/189) RP^^^R^.^RrnXb 

-(2/225) i?'"''^^i?p,,ai?,/, + (76/4725) RP''''^Rp,raR,^\- (48c) 



The direct comparison of the expansions of the left- and 02, 0,2 a and 0,2 ab- We have 
right-hand sides of Eq. 1(45(1 then yields the coefficients 



0.2 = (1/2) m'' - (1/6) (C - 1 /5) Di? + (^ - 1 /6) i? 

+ (1/2) (e - 1/6)2 i?2 _ (1/180) i^p.i?"- + (1/180) Rp.r.R'"'^^ (49a) 
02 a = -(1/12) (e - 1/5) (□i?);a + (1/2) (e - 1/6) i?., 

+ (1/2) (e - 1/6)2 - (1/180) RpaRP^.a + (1/180) i?p..«i?''"""., (49b) 
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and 



02 ab = (1/840) aORab - (1/20) (e - 4/21) (□i?);afc - (1/60) DRab + (1/3) (^ - 3/20) i?.,^ + (1/12) Rab 

+ (1/3) (e - - 3/20) - (1/90) (C - 1/7) i?;p(ai?% - (1/36) (C - 1/5) (□i?)i?a6 

+ (l/4)(e - 1/6)2 R.,R., + (1/30) (^ - 3/14) R-pR\^.,^ - (1/30) (C - 17/84) R;pR,,'' + (1/6) (C - 1/6) 

-(1/60) (e - 1/6) i?ni?ab - (1/252) Rp(^aaR\^ + (1/45) m^RpaR\ - (11/3150) R"" Rp„,<^ab) - (1/360) RP^.^Rp^-t 

-(1/1050) R'"'Rp(a;b)a + (2/1575) RP'^Rab.pa + (1/1260) R\,,Rp^" - (1/252) 

-(1/45) (e - 3/14) RP'^Rpaab + (1/630) {nRP'')Rpaab ~ (1/90) m2 + (1/630) R^'^'^ Rrap(a;b) 

+ (1/900) i?'"^ni?pa,6 + (1/420) RP'^'^Rpaab.r - (2/1575) RP^'\^R\r.p\t,) + (23/6300) i?''(;""i?|,,p|,) 
-(1/225) R\^"" R\par\b) - (1/350) i?''"""i?p,.(a;6)« + (4/1575) RP''\URp^rb - (1/90) RP^-^R^^^, 
+ (29/6300) RP^'^Rp^r.-Aab) + (1/420) RP"\.^,Rp^^^^ + (1/336) RP^^^^.^^Rp^^.^b + (1/12) (^ - 1/6)' i?'i?a6 
+ (1/45) (e - 1/6) i^i^pai^^b " (1/1080) RP^Rp^Rab + (1/945) RP^RpaRab - (1/90) (C - 1/6) RRP^Rpaab 
-(1/1890) RP^R%Rpaab + (8/4725) RP'' R\^R\rap\b) + (1/9450) Rp^RP'^^^R^aXb - (1/90) (C - 1/6) RRP''\Rp,rb 
+ (1/1080) RabRP'^^'^Rparn + (31/18900) Rp„RP^\R\^, - (1/300) Rp„RP^\R'' 



XKb 



+ {17/18900) RP^R'^^p.R^Xab - {11 /Ihm) R\^RP''\~R\p„r\b) - (17/9450) RP''\Rpar.R\" 



+ (1/189) RP^^^R\,,Rr.xb - (1/450) RP''"^Rp,raR^^\ 
By replacing (|49|l into l|46(l wc can then write 



(19/4725) RP^'^^Rp^raR^/, 



(49c) 



1 



1 



1 



1 



1 

12 



6 



6 



1 



6 



1 



1680 



40 



21 



6 



1 



1 



1 



RR-.a 



180 P"" 
1 



180 



180 



180 



:R 



■pCFTK 



j^pa-r 



UURab - 77: U - 7TT {^R);ab - —m' URab + « U " 



1 



1 



6 



6 
1 

60 

-^^RpaURP, 



1 



3 
14 



20 



180 



120 
1 



6 



20 



'\ab 



— Rnb 
24 



1 



R;pRab^ 



1 

90' 



TO RpaR\ - 



17 

" 84 

6300 



12 



72 



^ 



6 



m' RR, 



■ab 



lab -t 

1 
120 



R,aR:h 



720^""'°^""'' 2100^'"^''"'''" 



RORab 
1 



1260 
1 

450 
1 



TDpCF-.T p 

ii, -Ttrapa^b 



2520 ''^ 
1 



504 '^■^ 



1 



. — ^1 ^parb ^nn ^para^bK 



840 a;K-'^p(TTfc 



1800 
1 

700 

1 



-RP^DR 



1 

90 

paab 



3 

14 



RP'^Rpaab + 7T^(ni?'"^)-Rpa(Tfc " Ton^^ R'"^ Rpaab 

izbU loU 



1575 

2 



RP'^ Rab; 



pa 



TDpfTTK p I 1 

672 ;a«P-rK;fc+24 



tdP<t;t p UP<^',T p 

840 -^pao-fc;T 2575 a^rcrpb 

-^i?'""^„ni?po.^h - — to' RP'^^'^R 

1575 " 180 

2 



pp ;(jr p 



parb 



23 



12600 
2Q 

RP'^^'= R 

12600 



1 

90 



RRpaR'^f, 



1 



2160 
1 

'18900 



RP'^ RpcrRab 



1890 



R'"^ RpaRab — -tzt: C ^ 7 RRP'^R 



180 



6 



1 T <T 4 ^ ^ 

-^^RP'' R" ^Rpaab + -^j^R'"'R^aRTapb 



RpaRP^'^^ RKaXb — —ZT: ( C ^ 7 ) RR^'^^ aRp<yrb 



1 



1 

600 
1 

378 



-RnnR 



.pnX 



180 
17 



1 



RP>^'y>'Rr R 



6 



2160 



R DpaTK p 

Kabiy n 



31 



ppCT p/iA p 

37800 



17 



paa 



1 

900' 



RP^^^R 



R 

para^nX b 



15120 
19 



p/i TDpCTT p 



17 



^PkX 



R" 



RpaR 

ppcrr p p 
Ji. \J^paTKJ^ a b 



KXb 



-}X K 



9450 



RP^^^R 



R 

paraJ^nX b 



18900 

a^V^^ + Ofa^/^). 



(50) 
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D. Covariant Taylor series expansion of As{m'^;x,x') 

The mass-dependent DeWitt coefficient A3{m'^;x,x') 
is the solution of Eq. (|23a|l with n — 2, i.e. it satisfies 



3As + A3,^a^^^ - i3A-i/2Ai/2^^^;M 



{a, - - ^R) A2. (51) 



In this equation, we replace A3 by its covariant Taylor 
series expansion for x' in the neighborhood of x given by 



(52) 



rl/2^ 



By noting that A■i,^,&^>' - AaA-^/^A^/^^^cr-^ = O 1 
we can see easily that the left-hand side of Eq. I|5HI to 
order cr^ reduces to 03. The covariant Taylor series ex- 
pansion of the right-hand side of Eq. (|51|l to order cr" can 
be found from the expansion Ai given by (|46|l and 149(1 
or H5()|l and from the expansion of . The later can be 
constructed by using the theory developed in Appendix 
D and more particularly Eqs. (|D5p . (|D8p and HD14II . We 
easily obtain 



with 



(53) 



4' = -(1/20) {i - 3/14) UUR + (1/3) (C - 1/5) n? DR + (1/12) R + (1/3) (^ - 1/4) (^ - 1/5) RDR 
+ (1/4) - (2/5) e + 17/420] R.pR'P + (1/6) (^ - 1/6) i?^ _ (1/30) (^ - 3/14) R.p^R^^ 
-(1/210) Rp^aRP'' + (1/90) Rp^RP'^ - (1/840) Rp^^rRP"''^ - (1/420) Rpr.aR^^'P 
+ (1/140) i?p,,«ni?''""'' - (1/90) m2 Rp^r.R""'^ + (3/560) i?p.r«;Ai?''"""'^ + (1/12) (C - 1/6)' i?^ 
+ (1/90) (e - 1/4) RRp^RP" + (1/1890) Rp.RP.R"^ - (1/630) Rp^R^xR"^"^ - (1/90) (^ - 1/4) RRp.r.R'"'^^ 



-{1/ilb) R^xR'^P^^R^ 



(1/189) RP^^^Rpo^apR, 



a 13 



(11/3780) RP'^'^^RpaapR 



al3 



(54) 



The direct comparison of the expansions of the left- and right-hand sides of Eq. (|51|l then yields the coefficients 03: 



as = 



- (1/6) - (1/60) (e - 3/14) UUR + (1/6) (^ - 1 /5) rn' UR - (1/2) (^ - 1/6) i? 



+(1/6) {i - 1/6) (e - 1/5) RUR + (1/12) [e' - (2/5) C + 17/420] RpR}'^ 



-(1/90) (C-3/14) 

-(1/1260) Rpr;aR"^'P + (1/420) il-p^r 



(1/630) Ep^Di?'"" 



(1/180) m' i?p^i?'"" 



-(1/2) (e- 1/6)2 to' ^2 
(1/2520) i^p^^.i?""'" 



(1/180) to' Rp^r.R"""^ + (1/560) Rpar^.xRP"' 



-(1/6) (e - 1/6)=^ i?-'' + (1/180) (e - 1/6) RRp^RP" + (1/5670) Rp^RP^R"^ - (1/1890) Rp^R^xRP"""^ 



-(1/180) (e - 1/6) RRp^r^RP"^"" - (1/945) R^xR'"'"^ R' 



par 



(1/567) 



'pQcr/3 



Rk X 



-[11 / IIMQ) RP^^'^Rpao.pR 



a/3 



(55) 



r 



This result agrees with that of Gilkey [H Q obtained 
by using totally different methods, i.e. in the framework 
of the pseudo-differential operator theory. The compar- 
ison of our result with his own is immediate in spite of 
our different conventions with regard to the metric signa- 
ture, the Riemann tensor and the commutation of covari- 



ant derivatives. This agreement permits us to believe in 
the validity of all the calculations previously carried out 
and therefore in the validity of the covariant Taylor se- 
ries obtained for the mass-dependent DeWitt coefficients. 
Finally, by replacing H55() into 1(521) we can now write 
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KpatinXH - — 4 - HHp^TKn - —Hn\H H + — ii: HpaafjU^ ^ 



1890"''" 180 V" 67 945 "'""^'567 

11 



11340 



RP''^^Rp.af3R,x'"^ + 0(cT'/^). (56) 



E. Covariant Taylor series expansion of the DeWitt 
coefficients A„{x, x') with n = 0, 1, 2, 3 

We think it is unnecessary to write explicitly the co- 
variant Taylor series expansion of the DeWitt coefficients 
An{x,x') with n = 0,1,2,3. Indeed, we know that 
An{x,x') = An{m'^ = 0;a;,a;') (see ^^). Then, the coef- 
ficients an{x) and a„ ai...aj,{x) defining the expansion of 
the DeWitt coefficients An{x,x') (see and ((SSI) and 
the coefficients a„(m^;x) and a„ ai...ap (w^; a;) defining 
the expansion of the mass-dependent DeWitt coefficients 
An{m'^;x,x') (see (|34() and (|35() ') are linked by 

a„(x) = an{m'^ — 0;x) (57a) 
On ai...ap(a;) = a„ ai...ap(m^ = 0;a;). (57b) 

As a consequence: 

i) the expansion of Aq(x,x') up to order is directly 
given by (|38|l and H39|) or equivalently by (|40|) . 

ii) the expansion of Ai(a;, a;') up to order is obtained 
from (|42|) and (|43|l or equivalently from 144|) by taking 

= in these relations, 

iii) the expansion of A2{x, x') up to order a is given by 
(B^ and or equivalently by l(5n|l by taking = 
in these relations, 

iv) the expansion of A^^x^x') up to order a" is given 
by (|52|l and (|55|) or equivalently by H5t)|) by taking = 
in these relations. 



IV. COVARIANT TAYLOR SERIES 
EXPANSIONS OF THE HADAMARD 
COEFFICIENTS 

In this section, we shall provide the covariant Taylor se- 
ries expansions of the geometrical Hadamard coefficients 
Un{x,x') and Vn(x,x') of lowest orders for the dimen- 
sions d = 3, 4, 5 and 6 of spacetime. For x' near cc, we 



shall write these expansions in the form 

(—1)^ 

Un{x, x') = Unix) + ^ j— U„ (p) (x, x') (58) 

p=l P- 

+ °° ( — 1)P 

Vnix,x') ^ Vn [x) + ^ j— U„ (j,) (x, x') (59) 

where the u„ (p) (x, x') and w„ (p) (x, x') with p = 1,2,... 
are all biscalars in x and x' which are of the form 

Un{p){x,x') = U„ ai...ap{x)(j''°'^{x,x') . . . a''"" (x, x') 

(60) 

Vn (p) (X, x') ^Vn ai...ap {x)a'°-^ {x, x') . . . Cr'"" {x, x'). 

(61) 

These expansions are easily obtained from those of the 
mass-dependent DeWitt coefficients constructed in the 
previous section by using the relations (|26|) for d even 
and the relation H28|) for d odd. By using the relation 
(|28|l , we obtain for d — 3 

Uo{x,x') = Aoim^-jXjx') (62a) 

Ui{x,x') ^ -Ai{m'^;x,x') (62b) 

U2{x,x') = {l/3)A2{m^;x,x') (62c) 

Usix, x') = -(1/15) Asim^^x, x'). (62d) 

From the relation H26|l . we obtain for d = 4 

Uo{x,x') = Ao(m^; x') (63a) 

Voix,x') = -{l/2)Ai{m'^;x,x') (63b) 

Vi{x,x') = il/A)A2{m^]x,x') (63c) 

V2ix,x') = -{l/16)A3{m'^;x,x'). (63d) 
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From the relation (|28|l . we obtain for d = 5 

Uo{x,x') = Ao{m'^;x,x') (64a) 

t7i(a;,a;') ii(m^;a;,.x') (64b) 

t72(a;,a;') = - A2(m2;x,a;') (64c) 

Usix, x') = (1/3) A3{m^;x, x'). (64d) 

and finally, from the relation H26I) . we obtain for d = 6 

J7o(2;, a;') = ^o(™^; 2^, 2;') (65a) 

C/i(a;,x') = (l/2)ii(m2;a;,x') (65b) 

Vo{x, x') = -(1/4) A2{m^;x, x') (65c) 

Fi(a;,x') = (l/8)i3(m^;a;,2:'). (65d) 

We could stop here this section. However, we prefer to 
provide the explicit expansions of all these Hadamard 



coefficients for the reader who simply needs them and is 
not specially interested in following the derivation of the 
expansions of the DeWitt coefficients carried out in the 
previous section. 

For d = 3, 4, 5 and 6 we have 



I ^ ^, „\a. -h -c -d ^ ^, „\a -b -c -d -e 

+ ^U0 abcdCr CT' a (T' — — Mq abcdeCr CT' O" (7 (7 



1 

6!' 



-^Uo abcde/a-V'V'V-'^CT'V^^ + O (fT^/^) (66) 



with 



J 



ito = 1 (67a) 

wo a = (67b) 

"0 ab = (1/6) Rab (67c) 

Uo abc = (1/4) R(ab-c) (67d) 

uo abed = (3/10) i?(,b;crf) + (1/15) R\a\r\bR\ipid) + {I / 12) R^abRcd) (67e) 

"0 abcde — (1/3) R(ab-cde) + (1/3) R^ (a\T\b^'^ c\p\d;e) + (5/12)i?(a6-Rc<i;e) (67f) 



"0 afccde/ - (5/14) R(ab;cdef) + (4/7) ^^''(a|r|6-^'^c|p|£i;e/) + (15/28) i?''(^|^|ft.^i?'^rf|p|e. + (3/4) R(abRcd;ef) 

+ (5/8) i?(,b;ei?de;/) + (8/63) i?Vk|fc^'=kM^"e|p|/) + (1/6) ^b^'cLM^'elpI/) + (5/72) R^abRcdRef). (67g) 



Furthermore, for d — 3^ we have with 

7-7- :a I ;a :fc ;a ;fc :c 

Ul ^ Ui - Ui a(T + —^ Ui ab<J CT ~ —Ui abcCT O" <T 

1 



-^"1 abcd<y' 



r-V'V'V''^ + O ((7^/2) (68) 
C/2 = «2 - U2 aa'"" + abCj"'a ' + O (a^/^) (69) 
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and 



and 



Ml = + - 1/6) R (71a) 

«i a = (1/2) (e - 1/6) i?;a (71b) 

ui ab = -(1/60) DRab + (1/3) (C - 3/20) R-ab + (1/6) 

+(1/6) (^ - 1/6) + (1/45) RP^Rpb - (1/90) i?'"^ii^„<.6 - (1/90) R'''\Rparb (71c) 

Wl abc = (1/4) (^ - 2/15) A(„5e) - (1/40) (□ii(„6);c) + (1/4) 

+(1/4) (^ - 1/6) + (1/4) (C - 1/6) + (1/15) R\,Ripib-c) 

-(1/60) - (1/60) R'.,^aI^''bMc) - (1/30) R"'\^Rl,.r\b;c) (71d) 

Wl a6cd = -(1/35) {DR^ab);cd) + (1/5) (? - 5/42) + (3/10) R^,b;cd) + (3/10) (e - 1/6) RR^ab;cd) 

+ (1/2) (e - 1/6) R.(aRbc-d) + (1/3) (e - 3/20) i?;(„fci?cd) - (1/60) R^abaRcd) + (1/12) R^^bRcd) 
+ (3/35) i?V^lp|f;c<J) - (1/105) R\aRbc-Md) + (11/210) i?V;6^IPk;<i) + (3/70) R'^a-^bRcdy^p 
-(17/840) - (2/105) - (1/105) - (1/30) ii^^.^^i?-,,,,,^,) 

+(4/175) - (11/525) - (11/525) - (4/525) i?''(„|,|,ni?-,|,|,) 

+(1/I5)m2i?''(^l^l,ii-^I^I,) - (4/105) - (1/140) 

-(1/28) R''^\^.^,Rip.r\c;d) + (1/12) (e - 1/6) RR(abRcd) + (1/45) R\^R^p^f,Rcd) - (1/315) R^^R^^^tR" c^d) 

-(1/90) RP'^RiabRlpWl.ld) + (1/15) (e - 1/6) RR'fal.lbR^clpld) - (1/90) RiabR'^^AparW 

-(26/1575) - (2/63)i?''(^i?V<::^|p<Tr|d) - (4/1575) i?'""^' 

-(4/525) - (16/1575) iJ^'^^^^iJi^i^i^i^iJi^lei^ia) - (8/1575) iJ^^'^j^iJi^^i^.i^i^iei^id) 

(71e) 

U2 = (1/6) m'' - (1/18) (^- l/5)ni?+ (1/3) (^- 1/6) m^i? 

+(1/6) (C - 1/6)2 i?2 _ (1/540) Rp.RP'^ + (1/540) Rp^r.RP'^^" (72a) 
W2 a = -(1/36) (? - 1/5) {UR),a + (1/6) (e - 1/6) 

+ (1/6) (^ - 1/6)2 - (1/540) RpaR'^.a + (1/540) Rp^r.R'^^'^.a (72b) 

U2 ab = (1/2520) nMab - (1/60) (C - 4/21) {nR),ab - (1/180) DiJ^b + (1/9) (^ - 3/20) 

+(1/36) m^i?„6 + (1/9) (C - l/6)(^ - 3/20) RR,ab - (1/270) (^ - 1/7) R.,p(^aR\) - (1/108) (^ - 1/5) (□i?)i?„6 

+(1/12)(C - 1/6)2 R,,R,b + (1/90) a - 3/14) Api?^(„^,) - (1/90) (^ - 17/84) J?;,J?„/ 

+(1/18) (^ - 1/6) m2 RR^b - (1/180) (^ - 1/6) RUR^h - (1/756) i?p(„ni2''(,) + (1/135) m^RpaR\ 

-(11/9450) RP^Rp^.iab) - (1/1080) R^" ...Rp^.b - (1/3150) R"" Rp(^a;b)a + (2/4725) R^^Rab.p. 
+(1/3780) R'a^.Rpb" - (1/756) R\,,R\,p - (1/135) (^ - 3/14) R''"'Rpaab + (1/1890) (□i?''")iZp„<,6 

-(1/270) m2 RP^Rpaab + (1/1890) i?''"'"i?..p(a;6) + (1/2700) RP^DRpaab + (1/1260) RP"'^ Rpaab-r 

-(2/4725) i^^^'^j^i^i^^pib) + (23/18900) - (1/675) R%^r R\P-^r\b) - (1/1050) R^'^^R.^ria-.b). 

+ (4/4725) RP"\URp„rb - (1/270) m' RP''\Rp^rb + (29/18900) i?''"""i?p,,«;(„fa) + (1/1260) RP''\.,Rp^^^^ 
+ (1/1008) RP''^\,,Rpar.;b + (1/36) (^ - 1/6)2 R^ R^b + (1/135) (^ - 1/6) RRpaR\ - (1/3240) RP^Rp^Rab 
+ (1/2835) RP'^RpaRab - (1/270) (^ - 1/6) RRP^Rpaab - (1/5670) RP^R%Rpaab + (8/14175) RP^ R\^R^^„p^b) 

+ (1/28350) RpaR'^^^R.aXb - (1/270) ($ - 1/6) RRP''\Rp^rb + (1/3240) RabR'^'^Rpar^ 

+ (31/56700) RpaR'^^'aR^xb - (1/900) Rp^R"^"" ^R\^^ + (17/56700) RP^R'^^^^R^x^b 

-(17/22680) - (17/28350) R'"'\Rp,r.R\\ + (1/567) RP^''^R\,,Rr.xb 

-(1/1350) RP^''^Rp,raR.x\ + (19/14175) RP'^^^Rp^raR.^^ (72c) 
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U3 = (1/90) + (1/900) (e - 3/14) DDR - (1/90) (^ - 1/5) DR + (1/30) (^ - 1/6) R 

-(1/90) (C - 1/6) (e - 1/5) RDR - (1/180) [^^ _ (2/5) ^ + 17/420] R.pRP + (1/30) (^ - 1/6)^ i?^ 
+ (1/1350) (^ - 3/14) R.paRP" + (1/9450) Rp^DRP'^ - (1/2700) Rp^R^" + (1/37800) Rp^-rR^"''' 
+(1/18900) Rpr;aR^^''P - (1/6300) Rp^r^DRP''^" + (1/2700) Rp^r^RP"^^ - (1/8400) Rpar.^xR'"'^'''^ 
+(1/90) (^ - 1/6)^ R^ - (1/2700) (^ - 1/6) RRp^RP" - (1/85050) Rp^RP^R"'' + (1/28350) Rp^R^xR"""^ 
+(1/2700) (^ - 1/6) RRp^r^RP"^" + (1/14175) R^xR'""'^ R^ p^r - (1/8505) RP'^^^Rpc.affR^x'^ 

-(11/170100) RP'^'^RpaccpR^x"'^ . (73) 

I 

For c? = 4, we have with 

+ ^V0 a6cd^'V'V'V'<^ + O (74) 

V^i = t^i - t^i aCT'^ + ab^'V'^ + O (75) 
^2=^2 + (aV2) (76) 

I 



and 



Vo = (1/2) + (1/2) (^ - 1/6) i? (77a) 
^^0 a = (1/4) (e - 1/6) R,a (77b) 

vo ab = -(1/120) Mafc + (1/6) (e - 3/20) R,ab + (1/12) m2 

+ (1/12) (^ - 1/6) + (1/90) RP^Rpb - (1/180) RP^Rpaab - (1/180) ii^^^^iip,,,,, (77c) 

vo abc = (1/8) (C - 2/15) R,(^abc) " (1/80) (□i?(a6);c) + (1/8) TO^ i?(a6;c) 

+(1/8) (^ - 1/6) + (1/8) (C - 1/6) R;iaRbc) + (1/30) 

-(1/120) R'.R^^^p^,,,^ - (1/120) i?^;(„i?%|,|c) - (1/60) R^'^^Rip.rib^c) (77d) 
^^0 abed = -(1/70) (DR^abhcd) + (1/10) (^ - 5/42) + (3/20) + (3/20) (^ - 1/6) iii?(„6;ed) 

+ (1/4) (e - 1/6) + (1/6) (? - 3/20) i?;(„5i?cd) - (1/120) i?(„fcni?,rf) + (1/24) 

+(3/70) i?''(„i?|p|b;cd) - (1/210) R\,Rbc-Md) + (11/420) i?^(,,,i?|p|c;d) + (3/140) R\,.^,Rcd)-p 
-(17/1680) R^j'R^.y^p - (1/105) - (1/210) RP^^.^^^^R^^^^^.^,^ - (1/60) ii^^^^^iJ^,,,,^,) 

+(2/175) RP^^.^^^,R\^p^,^ - (11/1050) - (11/1050) iJ^^^^^.ii'^,,,,,) - (2/525) i?^(„|^|,ni?'^,|,|,) 

+iimm'R\,\,^,R\lp\,) - (2/105) RP^\^R^p,,^,,,,^ - (1/280) R\^^^^,'^ R^^^^.y^, 

-(1/56) R'^\^.,Rip.r\c;ci) + (1/24) (C - 1/6) i2i?(a6iic<i) + (1/90) RP^^R^pitRcd) - (1/630) RP ^^R^^^tR^Md) 

-(1/180) ii'"^i?(„6i?|p|c|a|d) + (1/30) (^ - 1/6) J^J^Vklb^'cbld) - (1/180) R^abR'^\R\p^r\d) 
-i'^^/'^^'^^) R''aR'^{a\r\bR'^c\p\d) ~ (1/63) i?''(„-RVc^|paT|d) " (2/1575) ii^'^'^'*i?p(„|^|b-R|CT|c|K|d) 

-(2/525) ii^'^V^IP^r^^l-N-l'^) - ^"'V^IPl V|6^klc|«K) - (4/1575) iJ^'^V^IP^rb^klcl^K) (77e) 

vi = (1/8) m'* - (1/24) (^ - 1/5) DR + (1/4) (^ - 1/6) R 

+(1/8) (e - 1/6)2 i?2 „ (1/720) Rp^RP^ + (1/720) Rp^r^R""''" (78a) 

a = -(1/48) (e - 1/5) {DR),a + (1/8) (C - 1/6) 

+ (1/8) (e - 1/6)2 - (1/720) RpaR'"'.,a + (1/720) Rp^r.R^'^^.a (78b) 
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and 



vi ab = (1/3360) UURab - (1/80) (^ - 4/21) {UR),ab - (1/240) URab + (1/12) (C - 3/20) i?.,^ 

+ (1/48) Rab + (1/12) (e - l/6)(e - 3/20) i?i?;ah - (1/360) (C - 1/7) i?;p(ai?% - (1/144) (^ - 1/5) (□i?)i?ab 
+ (l/16)(e - 1/6)2 R,aR;b + (1/120) (e - 3/14) R,pR\,.^,^ - (1/120) (^ - 17/84) R.^.R^,'" 
+ (1/24) (e - 1/6) RRab - (1/240) (C - 1/6) i?ni?ab - (1/1008) Rp(a^R\^ + (1/180) m^RpaR", 
^{n/12600) RP^Rp^.^ab) - {I/IUO) RP^.^^Rp^.h - (1/4200) i?''"i?p(,.f,), + (1/3150) R^^ Rab- p. 

+ (1/5040) R%^Rpt" - (1/1008) RPa:aR\;p ~ (1/180) (e - 3/14) R'P^Rpaab + (1/2520) (□i?''")i?paa6 
-(1/360) m2 RP^Rpaab + (1/2520) RP"'^ Rrap{a-b) + (1/3600) i^^'^Dil'pa.fc + (1/1680) RP"''^ Rpaab-r 

-(1/3150) RP"-'\^R\r,p\k) + (23/25200) - (1/900) RP^^'''' R^p^rib) - (1/1400) RP"^^Rp^r(a;b)^ 

+ (1/1575) RP"\nRp„r^ - (1/360) i?''^^,i?p,,b + (29/25200) RP'^^^Rp^m-Xab) + (1/1680) RP^\.,^Rp,,,'^ 
+ (1/1344) RP^^^.^Rp^r.-b + (1/48) (^ - 1/6)^ i?^^,^ + (1/180) (C - 1/6) i?i?pai?''b - (1/4320) RP^Rp^Rab 
+ (1/3780) RP^RpaRab - (1/360) (^ - 1/6) RRP^Rpaab - (1/7560) RP^R%Rpaab + (2/4725) 
+ (1/37800) Rp^RP^^^R^aXb - (1/360) (C - 1/6) RRP^\Rparb + (1/4320) RabR'^^'^Rpam 
+ (31/75600) - (1/1200) Rp^RP''\R\,, + (17/75600) RP^R^\aRnX.b 

-(17/30240) R'^^^RP^^^^^Rip^rib) - (17/37800) RP''\Rp,r.R\\ + (1/756) 

-(1/1800) RP'"'^RparaR^x\ + (19/18900) RP'^^'^RparaR^x^ (78c) 

and 

V2 = (1/96) + (1/960) (C - 3/14) UDR - (1/96) (^ - 1/5) ni? + (1/32) (^ _ 1/6) i? 

-(1/96) (e - 1/6) (e - 1/5) RDR - (1/192) [^^ - (2/5) ^ + 17/420] R.pR'P + (1/32) (^ - 1/6)^ R^ 
+ (1/1440) (C - 3/14) R.paRP" + (1/10080) RpaURP" - (1/2880) RpaR''" + (1/40320) Rpa:rR'"''''" 
+ (1/20160) Rpr-^aR'^'P - (1/6720) i?p,,,ni?''""« + (1/2880) Rp^r.RP"^^ - (1/8960) i?p..„;Ai?''""''^ 
+ (1/96) (^ - 1/6)3 i?3 - (1/2880) (C - 1/6) RRp^RP" - (1/90720) Rp^RP^R"^ + (1/30240) Rp^R^xR^^"^ 
+ (1/2880) (e - 1/6) RRp^r.R'"'^^ + (1/15120) R^xR""""^ R\.r " (1/9072) RP'^'^^Rpc^^pR^''/ 
-(11/181440) RP^'^^Rp.c.pR^x"^ ■ (79) 



It should be noted that our expressions of the coeffi- 
cients Do, vq ab and vi are in agreement with those ex- 
isting in the hterature (see, for example, Ref. [13 )■ In 
contrast, our expressions of the coefficients Vq abed, Vi ab 
and V2 disagree with the only known results, i.e. those 
obtained by Phillips and Hu in Ref. . The comparison 
of our results with theirs is far from being obvious. In- 
deed, contrary to Phillips and Hu we have systematically 
used the Bianchi identities ljEl|l and their consequences 
(|E2|) - (|E4|I in order to simplify all our calculations. As 
a consequence, our results are more compact while we 
consider a more general scalar theory (Phillips and Hu 
have limited their study to the conformally invariant the- 
ory, i.e. they have worked with — and ^ — 1/6). 
For example, our expressions of vq abed and vi ab have re- 
spectively 36 and 54 terms while those of Phillips and Hu 
have respectively 52 and 71 terms. Because of that, we 
have been obliged to first simplify their results and then 
we have emphasized the disagreement with ours. In fact, 



we are sure that the results of Phillips and Hu are wrong. 
Indeed, we know that in the four-dimensional framework 
the coefficients V2 and 03 must be proportional and we 
have found that the result of Phillips and Hu does not 
reproduce that of Gilkey. This is not really surprising: 
they have constructed the covariant Taylor series expan- 
sions of the Hadamard coefficients from the expansions 
of (T:^^ and A^/2 and we have noted in Appendixes B and 
C that the expansions they have obtained for these two 
bitensors are incorrect. 
For d = 5, we have 

C/l = Ul - Ui aCr'" + ^Ui afcCT'^Cr-'' - ^Ui abci'" a''' a'" 

+ ^u, abcdO-"'a'''cy--^c7-^'' + O (a^/^) (80) 

f/2 - W2 - U2 afT'" + afc^'V'^ + O (a^/^ j (g^) 

U^^u^ + O (82) 
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with 



ui = -rri^ - - 1/6) ii (83a) 
«i„ = -(l/2)(^-l/6)i?;„ (83b) 
ui ab = (1/60) DRab - (1/3) (C - 3/20) R^b - (1/6) R^^ 

-(1/6) (^ - 1/6) RRab - (1/45) RP.Rpb + (1/90) R"" Rpaab + (1/90) R^^^Rparb (83c) 
wi abc = -(1/4) (C - 2/15) + (1/40) (□i?(„fe);e) - (1/4) 

-(1/4) (^ - 1/6) J?%6;e) - (1/4) (^ - 1/6) i?;(„ii6e) - (1/15) R\a^\p\b;c) 

+(1/60) + (1/60) + (1/30) R'^^^R^p,,^,,,^ (83d) 

a6cd = (1/35) (□i?(a6);cd) - (1/5) (C - 5/42) R.^^bcd) ' (3/10) - (3/10) (^ - 1/6) RR^ab;cd) 

-(1/2) (^ - 1/6) R.,^aRbc;d) - (1/3) (^ - 3/20) i?;(„5J?ed) + (1/60) R^abORcd) - (1/12) R^abRcd) 

-(3/35)i?''(„i?|^|(,;ed) + (1/105) iJ^'^^iJbejipid) - (11/210) - {3/70) R\^.,R,d),p 

+(17/840) + (2/105) R^R\aMb;cd) + (1/105) R\^.^^^^R\^p^,.^,^ + (1/30) ii'',;(„i2%|,|e;<i) 

-(4/175) iiV;|.|6^^|pM) + (11/525) + (11/525) + (4/525) ii^'^^i^i^M'^,,,,,) 

-(l/15)m2ii''(^l^l,J?-^l^l,) + (4/105) ii'-'^^^^i?!,,..!,;,,) + {1/UO) R'^^^^^^'^ R\^^^,y^^ 
+(1/28) - (1/12) (^ - 1/6) i?i?(„6iicd) - (1/45) R\^R\p\t,R,a^ + (1/315) 

+ (1/90) - (1/15) (C - 1/6) RR\,\,\,R\Md) + (1/90) RiabR'^'^Rlparld) 

+(26/1575) + (2/63)ii''(„iiVc^«|.ar|d) + (4/1575) 

+(4/525) ii'"^^(„i?l^,|%i?l<,|e|«|<i) + (16/1575) + {S/1575) R''^\^R^^^^\R\,\,\,\a) (83e) 

and 

U2 = -(1/2) m'^ + (1/6) (^ - 1/5) nR-{^- 1/6) R 

-(1/2) (C - 1/6)2 i?2 + (1/180) i?p,J?''- - (1/180) Rp^r^R"^^'' (84a) 

U2 a = (1/12) (? - 1/5) (□i?);a - (1/2) (e - 1/6) i?., 

-(1/2) (e - 1/6)2 RR., + (1/180) RpaR'^.a - (1/180) (84b) 
U2 ab = -(1/840) nnii-afc + (1/20) (e - 4/21) iaR).ab + (1/60) m2 - (1/3) (^ - 3/20) i?.,, 

-(1/12) TO^ /^^^ _ (1/3) _ i/6)(^ _ 3/20) RR.ab + (1/90) (^ - 1/7) i?;p(ai?% + (1/36) (C - 1/5) (□i?)i?a6 

-(l/4)(e - 1/6)2 R.aR,, - (1/30) (e - 3/14) i?;pi?''(„.,) + (1/30) (^ - 17/84) R.pR,,'" - (1/6) (^ - 1/6) Eiiab 
+ (1/60) (e - 1/6) RDRab + (1/252) Rpf^aOR^^ - (1/45) m^RpaR\ + (11/3150) RP^Rp^-^ab) 

+ (1/360) RP^.aRpa.b + (1/1050) i?''"i?p(a:6). - (2/1575) RP''Rab;pa ~ (1/1260) + (1/252) RPa;aR\;p 

+ (1/45) (e - 3/14) K'P^Rpaab - (1/630) (□i?''")i?pa,fc + (1/90) RP'' Rpaab - (1/630) i?''"'"-R.„p(a:6) 

-(1/900) i?''"ni?pa.6 - (1/420) RP^'^Rpaab-r + (2/1575) - (23/6300) R^^^'"^ R^^apib) 

+ (1/225) i^^f^^'ii'ip^.ib) + (1/350) RP^^^Rp^ria-b)^ - (4/1575) i^^^^^Dii'p^.fc + (1/90) RP''\Rp^rb 

-(29/6300) RP^^^Rp^r.-iab) - (1/420) - (1/336) RP'^'^^.^Rp^m-b - (1/12) (C - 1/6)^ i?^^?,,, 

-(1/45) (e - 1/6) RRpaR\ + (1/1080) R^^Rp^Rab - (1/945) R^'^RpaRab + (1/90) (C - 1/6) RR^'^Rpa^b 

+ (1/1890) RP^R\Rpaab - (8/4725) - (1/9450) Rp^R^^^^R.aXb + (1/90) (^ - 1/6) RRP''\Rp^rb 

-(1/1080) RabRP^'^^Rpar. - (31/18900) Rp^RP^'-^R^^^ + (1/300) Rp^RP^"" ^R\,^ 

-(17/18900) RP^R''\,RnXab + (17/7560) + (17/9450) RP"\Rp^r.R^^\ 

-(1/189) RP^^^R^^.Rr.xb + (1/450) RP''''^Rp,raR.^\ - (19/4725) RP^''^Rp,raR.^\ (84c) 
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and 

U3 = -(1/18) - (1/180) (^ - 3/14) DDi? + (1/18) (^ - 1/5) OR - (1/6) (C - 1/6) R 

+ (1/18) (e - 1/6) (e - 1/5) ii-Di? + (1/36) - (2/5) C + 17/420] R,pR-P - (1/6) (^ - 1/6)^ i?^ 
-(1/270) (C - 3/14) R-paR^'^ - (1/1890) Rp^DRP'^ + (1/540) - (1/7560) Rp^-rR''"'^ 

-(1/3780) Rpr^aR"^'" + (1/1260) i?p<,,«ni?^"^« - (1/540) Rp^r^R^^^'^ + (1/1680) Rpam-^R""^"''^ 
-(1/18) (^ - 1/6)3 + (1/540) (^ - 1/6) RRp^RP" + (1/17010) Rp^RP^R"^ - (1/5670) Rp^R^xR"""^ 
-(1/540) (e - 1/6) RRp^r.R"^^^ - (1/2835) R^xR'^p'^^ R\,, + (1/1701) R^^^^Rp^^^R^"/ 
+{11/34020) RP^'^^Rp^c^ffR^^"'^. (85) 

I 

For d = 6, we have with 



+ ^Ml aftcd^' V' + O (^5/2) (86) 
Vo = t^o - atr-'^ + ^i;o ab^^'V^'' + O (a^/^^ (87) 
= + O (cT^/^ j (88) 



and 



ui = -(l/2)m2 - (1/2) (^- l/6)i? (89a) 

a = -(1/4) (e- 1/6) i?;a (89b) 

ui ab = (1/120) QRab - (1/6) (e - 3/20) R-ab - (1/12) m2 R^b 

-(1/12) (C - 1/6) RRab - (1/90) i^^^i^pb + (1/180) RP'^Rpaab + (1/180) ii^^^^iip,,,,, (89c) 

Ul abc = -(1/8) (e - 2/15) + (1/80) (□i?(a6);c) " (1/8) 

-(1/8) (^ - 1/6) - (1/8) (C - 1/6) R;iaRbc) - (1/30) ii''(„ii|H6;c) 

+(1/120) ii^ii'^(„|^|(,;c) + (1/120) i?'',;(„Ji%|,|c) + (1/60) R^'^^Rip^rlb^c) (89d) 

ni abed = (1/70) (□ii(„6);cd) - (1/10) (C - 5/42) - (3/20) - (3/20) (^ - 1/6) iiii(„6;cd) 

-(1/4) (e - 1/6) - (1/6) (^ - 3/20) R,^abRcd) + (1/120) i?(afcni?cd) - (1/24) 

-(3/70)i?''(„i?|p|b,,,) + (1/210) RP^^Rf,,.^p^d) - (11/420) - (3/140) 

+(17/1680) R^j''Rcdy,p + (1/105) i?^<.i2'^(„|,|,;e<i) + (1/210) R\^.^^^^R\^p^,.^,^ + (1/60) R'^.^^^R^p^,,,^ 
-(2/175) ii^^^^i^i^i?-,,^,,) + (11/1050) R^J'^R^M,^ + (11/1050) iJ^^^^^.ii-,,^,,) + (2/525) RP ^^^^^pR\^^^,^ 
-{l/30)m'RP^^^^^,R\^^^,) + (2/105) ii^^^^^iii,,,.!,;,,) + {1/2S0) R\^^^^,'^ R\^^^,y^, 

+(1/56) J?'"^"(„.,fl|,..|e;d) - (1/24) (^ - 1/6) i?i?(„6i?cd) - (1/90) RP^^R^p^.R^d) + (1/630) RP ^^R\,\,R\^^^^^ 

+(1/180) - (1/30) (^ - 1/6) J?J?Vk|6^"c|H<i) + (1/180) R^abR'^'^Rlp.rld) 

+{13/1575) RP,R^^^^,^,R\^^^^^ + {1/63) RP ^^R%\R\p,,\a) + (2/1575) ii''--«i?,(„|,|6ii|.|e|«|d) 

+(2/525) R'''\,R\p,^,R\a\c\.\d) + (8/1575) Vl^^l-N-I'^) + (^1575) i?''^ Vii|,.|%ii|.|c|.|d) (89e) 

vq = -(1/8) to'' + (1/24) (C - 1/5) UR - (1/4) (^ - 1/6) R 

-(1/8) (C - 1/6)2 i?2 + (1/720) Rp^RP'' - (1/720) Rp^r^R""''" (90a) 
t^o a - (1/48) (e - 1/5) {UR),a - (1/8) (e - 1/6) ii-.^ 

-(1/8) (e - 1/6)2 + (1/720) RpaR'"',a - (1/720) Rp^r.R^'^^.a (90b) 
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vo ab = -(1/3360) DDRab + (1/80) (^ - 4/21) {nR),ab + (1/240) DRab ~ (1/12) (f - 3/20) R.,, 

-(1/48) Rab - (1/12) (e - l/6)(e - 3/20) i?i?;ah + (1/360) (C - 1/7) i?;p(ai?% + (1/144) (^ - 1/5) (□i?)i?ab 

-(l/16)(e - 1/6)2 - (1/120) (e - 3/14) R,pR\,.^,^ + (1/120) (^ - 17/84) R.^.R^,'" 

-(1/24) (e - 1/6) RRab + (1/240) (C - 1/6) i?ni?ab + (1/1008) Rp(a^R\^ - (1/180) m^RpaR", 

+ (11/12600) RP^Rp^.^ab) + {l/lUO)RP^.^^Rp^,b + (1/^200) RP^ Rp^a;b)a - (1/3150) R^^ Rab- p. 

-(1/5040) R%^Rpt" + (1/1008) RPa:aR\;p + (1/180) (C " 3/14) RP^Rpaab " (1/2520) iaRP'')Rpa.b 
+ (1/ 360) m^RP'^Rpaab - {l/2b20) RP"'^^ Rrap(a-b) - (1/3600) RP^URpaab - (1/1680) i?^"'"i?paah;r 

+ (1/3150) RP''-'\^R\r,p\i,) - (23/25200) i?y""i?|,,p|f,) + (1/900) RP ^^''^ R^p,,^^,^ + (1/1400) RP"^^Rp^r(a;b)^ 

-(1/1575) i?''^^,ni?p,,b + (1/360) i?''^^,i?p,,b - (29/25200) RP'^^^Rp^m-Xab) - (1/1680) RP^\.,^Rp,,,'^ 

-(1/1344) RP^^^.^Rp^r.-b - (1/48) (^ - 1/6)^ i?^^,^ - (1/180) (^ - 1/6) i?i?pai?''b + (1/4320) RP^Rp^Rab 

-(1/3780) RP^RpaRab + (1/360) (^ - 1/6) RRP^Rpaab + (1/7560) RP^R%Rpaab ~ (2/4725) i?''"i?"(,i?|,,p,6) 

-(1/37800) Rp^RP^^^R^aXb + (1/360) (C - 1/6) RRP"\Rparb - (1/4320) RabR'^^'^Rpam 

-(31/75600) i?p,i?''"\i?",;,fc + (1/1200) Rp„RP''\R\,, - (17/75600) RP^R^\aRnX.b 

+ (17/30240) i^^j^i^^^'i^ii^ip^^ifa) + (17/37800) RP''\Rp^rK.R\\ - (1/756) i?'"'"^i?%,„i?,,Afc 

+ (1/1800) RP'^'^RparaR^x'b ^ (19/18900) RP'^^'^RparaR^x^ (90c) 

vi = - (1/48) - (1/480) (^ - 3/14) DDi? + (1 /48) (^ - 1 /5) Di? - (1/16) (^ - 1/6) m"^ R 

+ (1/48) (e - 1/6) (e - 1/5) ii-Di? + (1/96) - (2/5) ^ + 17/420] i?;pi?''' - (1/16) (^ - 1/6)^ R^ 
-(1/720) (f - 3/14) R.paRP" - (1/5040) Rp^DRP" + (1/1440) i?p<.i?'"" - (1/20160) Rp^^rR'""-^ 
-(1/10080) Rpr-^aR^^'P + (1/3360) Rp^r.DRP^^^ - (1/1440) r^^^^rp'^-- + (1/4480) -Rp<,,«;Ai?''"""'^ 
-(1/48) (e - 1/6)3 i?3 + (1/1440) (e - 1/6) RRpaRP"" + (1/45360) Rp^RP^R"^ - (1/15120) Rp^R^xR"'""^ 
-(1/1440) (e - 1/6) RRp^r.R'"'^^ - (1/7560) R^xR'^p-^ R\.r + (1/4536) RP^'^^Rp^^pR^" / 
+ (11/90720) i?''""^i?p.c/3i?,A"^- (91) 



V. CONCLUSION AND PERSPECTIVES 

In this article, we have considered for a massive scalar 
field theory defined on an arbitrary curved spacetime the 
DeWitt-Schwinger and Hadamard representations of the 
associated Feynman propagator G^(x, x'). By combining 
the old covariant recursive method invented by DeWitt 
0,1^ with the modern covariant non-recursive techni ques 
introduced and developed by Avramidi (see Refs. |^l40|| 
and references therein), we have obtained the covari- 
ant Taylor series expansions of the DeWitt coefficients 
Aq(x^x')^ ^i(x,x'), A2{x,x') and Ay,{x^x') up to orders 
tJ'^, (T^, cr^ and cr° respectively. We have then constructed 
the corresponding geometrical Hadamard coefficients for 
the dimensions d = 3, 4, 5 and 6 of spacetime. It should 
be noted that the DeWitt and Hadamard coefficients do 
not formally depend on the signature of the manifold on 
which the field theory is defined. As a consequence, all 
our results remain valid, mutatis mutandis, in the Rie- 



I 

mannian framework, i.e. when the metric of the gravita- 
tional background is a Riemannian one. 

As an immediate first application of the results ob- 
tained in this article, we intend now to develop the 
Hadamard regularization of the stress-energy tensor for a 
quantized scalar field in a general spacetime of arbitrary 
dimension 48], emphasizing more particularly the cases 
corresponding to the dimensions d = 3, 5, 6 of spacetime 
which have not been treated explicitly till now. 

Our results could be also immediately used in stochas- 
tic semiclassical gravity. Indeed, as we have noted in 
Sec. IV, the results obtained by Phillips and Hu in 
Ref. l2^ which concern the covariant Taylor series expan- 
sion of the four-dimensional Hadamard representation 
are incorrect. As a consequence, our own results could be 
useful to test some of the conclusions of Ref. '23'] concern- 
ing the behavior of the noise kernel in the Schwarzschild 
spacetime and to emphasize those which remain valid and 
those which are wrong. 



21 



Keeping in mind the various applications in classical 
and quantum gravitational physics mentioned in Sec. I, 
it seems to us also interesting to extend the present work 
i) by going beyond the orders reached here for the scalar 
field theory, ii) for the graviton field propagating on a 
curved vacuum spacetime and iii) for more general field 
theories, i.e., for tensorial field theories coupled to exter- 
nal gauge fields. Of course, it is obvious that we shall not 
be able to realize such a program in the technical frame- 
work developed in this article, i.e., by partially using the 
old covariant recursive method of DeWitt. This method 
has permitted us to go beyond existing results but at the 
cost of odious calculations. Even if it presents the advan- 
tage to provide, at each step of the work, explicit results 
which can be controlled, it has certainly reached its lim- 
its here. In fact, it seems to us that the program we have 
proposed could be certainly realized by fully working in 
the framework of the covariant non-recursive approach of 
Avramidi or by using the treatment developed in Ref. [T^ 
by Gilkey which is based on the pseudo-differential oper- 
ator theory (see Ref. for a covariant version). 
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APPENDIX A: HADAMARD FORM OF THE 
DEWITT-SCHWINGER REPRESENTATION 



In this Appendix, we shall prove that the DeWitt- 
Schwinger representation G^g{x,x') of the Feynman 
propagator given by Eqs. (QJ-lO is a particular case of 
Hadamard representation. We shall use the method de- 
veloped by Christensen in Refs. [23, 0| for the four- 
dimensional theory and by DeWitt in Ref. for the 
d-dimensional one in order to obtain the first divergent 
terms of the DeWitt-Schwinger representation. This 
method can be used to obtain the full expansion of 
G^g{x, x') and to show that it is of the Hadamard form. 
This was done in the four-dimensional context by Brown 
and Ottewill in Ref. and we shall here extend the 
proceeding for an arbitrary dimension. 



We first substitute © into Q). Then, by assuming that it is possible to exchange the summation and integration 
in the resulting expression we find that 



+ 00 P + OD 

Gls{x,x') = -{Airy^^^Y^M^,^') / ds(is)-rf/2+"e(V2^)k(:>.,:i.')+«]-™'s. (Al) 

If we assume that x' is in the light cone of x, i.e. that a{x, x') < 0, we can express the integral in Eq. IjAip in term 
of the Hankel function of the second kind. By using Eqs. 8.421.7 and 8.476.8 of Ref. js^l, we obtain 

Ggs(x,x') = -;r(47r)-'^/2z-'^5](-ir.4„(x,x') ^gj^ Hl^,_,_Jzix, x')) (A2) 

n=0 ^ ^ 

with 

z{x,x')^ {~2m^[a{x,x') + ie])^^\ (A3) 

It should be noted that Eq. ljA2|l remains valid when x' is outside the light cone of x, i.e. when a{x, x') > 0, provided 
we consider its analytic continuation from the fourth quadrant of the complex z{x,x') plane to the first one. 

Let us now assume d even. From H^^l^{z) = H^\z) which is valid for n G N (see Eq. 8.484.2 of Ref. [s^]) we 

can write (jA2|l in the form 

d/2-l 



'Es(x,x') = Yl {-inmrA,/2-i-n{x,x') H^^\z{x,x')) 

n=l ^ ^ 

+7r(4.)-^/2 5: ^A,/2_i+„ (.,.') f fl^j Hi'\z{x,x')). 
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It is then possible to insert into Eq. ljA4p the series expansion 



H,f'(=) 



<-/')'°(i)i(i)"e(-)'S- 

fc=0 ^ ' 



-(*/7r)(l-5„o)5] 



(n — fc — 1)! /z^ 



(2) 



fc! 



fc=0 



, V'lfc + 1) + V"!" + + 1) /'^^"+ 

fc!(n + fc)! 



2fc 



(A5) 



which is vahd for n G N and |argz| < tt (see Eqs. 8.402 and 8.403 of Ref. [131). Here -0 denotes the logarithm 
derivative of the gamma function and it is given by (see Eq. 8.362.1 of Ref. "5^) 



(A6) 



where 7 is the Euler constant. A tedious calculation permits us to prove that G\,a^(x,x'") has the Hadamard form 
(|ll|l - (|12|l with the Hadamard coefficients Un{x,x') and Vn{x,x') respectively given by (|27a|l and 127bl) and with the 
Hadamard coefficients Wn{x,x') given by 



Wn{x,x') ^ln{m^/2)Vn{x,x') - [iP{n + 1) + i;{n + d/2)]Vn{x, x') 
(-1)" 

k=0 



'2n+d/2-l„!((i/2-2)! 



n+d/2-2 , „fe /n+d/2-1 

(-l)nm-^) ' — 



E 7 ) '^n+d/2-l-kix,x') - ^——j^Ar,+d/2+k{x,x') 

k=o y^") 



kl 



e=k+i 



(A7) 



Another tedious calculation using Eqs. (0, H16|l . Ij27b(l and ljA6|l permits us to verify that these coefhcients satisfy 
the recursion relations (|17|) . It is finally interesting to note the pathological behavior of the Hadamard coefficients 
Wn{x,x') for (infra-red divergence). 

Let us now assume d odd. From h':^1_^,2{z) = -i{-l)"Hl^l^,^{z) valid for neN (see Eq. 8.484.2 of Ref. 113) we 



can write l|A2|l in the form 

^72-3/2 xn+1/2 

Glsix, x') = -tTTiATT)-^/' J2 i-^nrr^'r^'^'Aci/2-3/2-n{x, x') — — H^^l./M^, x')) 



(i/2-3/2 



ri=0 



2^^I+T72^'i/2-l/2+l 







,{x,x') 



/ j ,x^n+l/2 



^Sl/2(^(^:^'))- 



It is then possible to insert into Eq. ljA8p the series expansion 



n+1/2 



+ CXD 

E 

.fc=0 



A:!r(fc- n+1/2) V2 



2k +00 



E 



(fc - n)!r(/fc + 3/2) V 2 



2fc+l' 



(A8) 



(A9) 



which is valid for n S N and |argz| < tt. We have not found this useful expansion in the literature. We have 
constructed it from 



^nll/2(^) 



(n + fc)! 1 



fc!(n-fc)! (2iz)'= 



(AlO) 



which is valid for rt G N and |argz| < tt (see Eqs. 8.466.2 of Ref. ^5^) by replacing e^*^ by its series expansion. 
Then, an easy calculation permits us to prove that G^g{x,x') has the Hadamard form H13() - (|14|l with the Hadamard 
coefficients Un{x,x') given by H29|l and with the Hadamard coefficients Wn{x,x') given by 



Wn{x,x') 



i-ir 



2n+d/2-i„!r(d/2 - 1) 



+ CXD 



"+'^^-3/^ (_l)fc(^2)'=+l/2 

rfl.^-i/0\ ^n+rf/2-3/2-fe [X,X} 



k=0 



r(fc + 3/2) 



^r(fc + i/2) 

. 2^fc+l/2 "+'^/2-l/2+fcl2:,X j 

fc=0 v'^ J 



(All) 
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Using Eq. it is easy to verify that these coefRcients satisfy the recursion relations (|21(l . Here again, it is interesting 
to note the pathological behavior of the Hadamard coefficients Wn{x,x') for (infra-red divergence). 

I 



APPENDIX B: COVARIANT TAYLOR SERIES 
EXPANSIONS OF THE BITENSORS A"" = a"'" 
AND H"" = g'\,a''"'' 

In this Appendix, we shall provide, up to order cr^/^, 
the covariant Taylor series expansions of the bitensors 
A{x, x') and H{x, x') which are both tensors of type (1, 1) 
in X and scalars in x' and of which components are re- 
spectively given by A^^, = cr-''^ and iJ''^, = g^u'cr''^^ . The 
notations used in this Appendix as well as the results ob- 
tained will be extensively used in Appendixes C,D and 
E. 

With Avramidi Uli^, we first introduce the bitensors 
K(.p){x,x') and 7(p)(a;,a;') with p > 2 which are all ten- 



sors of type (1,1) in x and scalars in x' . The bitensors 
-ftr(p) (x, x') are defined from their components 

(Bla) 

with 

1/ 010203. ..Op (oi |i/|o2;a3...ap) ■ \'-'^"J 

The bitensors ^(^p-^{x^x') are constructed from the biten- 
sors K(^p-^{x,x'). They are defined by the relation 



l<fc<[p/2] ^ ' J9i,...,pfc>2 

PiH hPfc=p 



P \ ST^ ( "p — Ik 

Pi~2, ... ,Pk-'2 



X 



p{p+ 1) (Pl H hPfc-l)(pi H hPfe-l + 1) {Pl +P2){Pl +P2 + 1) Pl{Pl + 1) 

where 

p\ ^ p- ( p ^_ p- 



(B2) 



; I — 777 TTT ^-iid = j 7 if Pl + Vpk^P- (B3) 

k) k\{p^k)\ \Pi, ... ,Pk J pi!...pfe! 

The components of the 7(p)(a:, x') are therefore of the form 

7(p)^(^, = 7^ 01...0P (2:)^^"^ (a;, 2:') . . . cr-'^- (x, x'). (B4) 
We have obtained the expressions of the bitensors 7(p) for p = 2, . . . , 11. The results are 

(B5a) 
(B5b) 

(l/5)if(2)' (B5c) 
(1/3) if(2)i^(3) - (2/3) if(3)i^(2) (B5d) 
(3/7) K(2)i^(4) - (10/7) K(3)' - (10/7) i^(4)i^(2) + (1/7) K(2)' (B5e) 

(l/2)if(2)X(5) - (9/4)if(3)X(4) - (15/4)if(4)if(3) - (5/2)X(5)i^(2) 
+ (1/4) if(2)'if(3) + (1/2) i^(2)if(3)^(2) + (3/4) i^(3)i^(2)' (B5f) 

7(8) = (7/9)i^(8) - (5/9)i^(2)i^(6) - (28/9)if(3)if(5) - 7i^(4)' - (70/9) i^(5)i^(3) 

-(35/9) i^(6)if(2) + (1/3) i^(2)'i^(4) + (10/9) if(2)if(3)' + (10/9) i^(2)i^(4)i^(2) 

+ (14/9) i^(3)i^(2)i^(3) + (28/9) i^(3)'i^(2) + (7/3) i^(4)i^(2)' - (1/9) i^(2)^ (B5g) 

7(9) - (4/5)i^(9) - (3/5)i^(2)i^(7) -4if(3)i^(6) - (56/5)i^(4)if(5) - (84/5) i^(5)i^(4) 
-14if(6)i^(3) - (28/5)if(7)if(2) + (2/5) i^(2)2i^(5) + (9/5)if(2)i^(3)i^(4) 
+ 3K(2)i^(4)i^(3) + 2if(2)i^(5)if(2) + (12/5)if(3)K(2)i^(4) + 8if(3)3 + 8 if (3) i^(4) ^^(2) 
+ (28/5)if(4)K(2)if(3) + (56/5)X(4)if(3)if(2) + (28/5)if(5)if(2)' - (l/5)if(2)'if(3) 
-(2/5) if(2)'if(3)i^(2) - (3/5) if(2)if(3)i^(2)' - (4/5) if(3)if(2)' (B5h) 



7(2) 


-(l/3)if(2) 


7(3) 


= (l/2)if(3) 


7(4) 


= (3/5) if (4) 


7(5) 


= (2/3) if (5) 


7(6) 


= (5/7) if (6) 


7(7) 


= (3/4) if (7) 
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7(10) = (9/ll)if(io) - (7/ll)X(2)X(8) - (54/11) if(3)if(7) - (180/11) i^(4)if(6) - (336/11) i^(5)' 

-(378/11) if(6)if(4) - (252/11) X(7)i^(3) - (84/11) i^(8)i^(2) + (5/11) if(2)2if(6) 

+ (28/11) if(2)i^(3)if(5) + (63/11) if(2)i^(4)' + (70/11) if(2)i^(5)i^(3) + (35/11) if (2)if (6)if (2) 

+ (36/11) if(3)if(2)if(5) + (162/11) if(3)2if(4) + (270/11) X(3)if(4)if(3) + (180/11) if(3)if(5)if(2) 

+ (108/11) if(4)if(2)if (4) + (360/11) X(4)if(3)' + (360/11) X(4)'X(2) + (168/11) if(5)if(2)if(3) 

+ (336/11) if(5)if(3)if(2) + (126/11) if(6)if(2)' - (3/ll)if(2)'if(4) - (10/11) if(2)'if(3)' 

-(10/11) if(2)'if(4)if(2) - (14/11) if(2)if(3)if(2)if(3) ~ (28/1 1) if(2)if(3) 'if(2) 

-(21/11) if(2)if(4)if(2)' - (18/11) if(3)if(2)'if(3) - (36/11) if(3)if(2)if(3)i^(2) 

-(54/11) if(3)'if(2)' " (36/11) if(4)if(2)' + (1/11) ^(2)' (B5i) 
7(11) = (5/6) if(ii) - (2/3) if(2)if(9) - (35/6) if(3)if(8) - (45/2) if(4)if(7) - 50if(5)if(6) 

-70 if(6)if(5) - 63 if(7)i^(4) - 35 if(8)i^(3) - 10 ^(9)i^(2) + (1/2) if(2)'if (7) 

+ (10/3)if(2)X(3)if(6) + (28/3)if(2)if(4)if(5) + 14X(2)if(5)if(4) + (35/3) if(2)if (6)if (3) 

+ (14/3)if(2)if(7)if(2) + (25/6)if(3)K(2)if(6) + (70/3) if(3)2if(5) + (105/2) X(3)if(4)' 

+ (175/3) if(3)X(5)if(3) + (175/6) if(3)if(6)/f(2) + 15if(4)if(2)if(5) + (135/2) X(4)if(3)if(4) 

+ (225/2) if(4)2if(3) + 75X(4)if(5)if(2) + 30if(5)X(2)if(4) + 100if(5)if(3)' + 100if(5)if(4)if(2) 

+ 35 if(6)if(2)X(3) + 70 if(6)X(3)X(2) + 21if(7)if(2)' - (1/3) if(2)'i^(5) " (3/2) if(2)'if(3)if(4) 

-(5/2) if(2)'X(4)X(3) - (5/3) if(2)'if(5)if(2) - 2if(2)X(3)X(2)X(4) - (20/3) if(2) if (3) ' 

-(20/3) if(2)if(3)if(4)if(2) - (14/3) if(2)if(4)if(2)^(3) - (28/3) if (2) if (4) if (3) ^(2) 

-(14/3)if(2)if(5)if(2)' - (5/2)if(3)if(2)'if(4) - (25/3) if(3)if(2)if(3)' ~ (25/3) if (3) if (2) if (4) ^(2) 
-(35/3)if(3)'if(2)if(3) - (70/3)if(3)'if(2) - (35/2)if(3)if(4)if(2)' - (15/2) if(4)if(2)'if(3) 
-15if(4)if(2)if(3)^(2) - (45/2)if(4)if(3)if(2)' - 10 if (5)if (2)' + (1/6) if(2)^if(3) + (1/3) if(2)^if(3)if(2) 
+ (1/2) if(2)'if(3)i^(2)' + (2/3) if(2)if(3)^(2)' + (5/6) if(3)if(2)'. (B5j) 



In the present Appendix, we shall need only the 7(p) with 
p = 2, . . . , 9 in order to construct the expansions of A and 
H up to order cr^/^, but in Appendix C, we shall need 
also their expressions for p = 10, 11 in order to obtain the 
expansion of A^/^ up to order ct^^/^. It should be noted 
that Eqs. lB5ap -| |B5]] l provide compact expressions of the 



bitensors 7(p) withp = 2, . . . , 11. By using (|B4p and ljBl|) 
into ljB5(l . it is also possible to reexpress these relations 
at the level of the components ^ of the bitensors 

7(p). Of course, the results are much more heavy. For 
example, the components of the lowest order bitensors 
7(p) take the form 



7^a.a.-(l/3)i?V|,|,,) (B6a) 

7^a,a.a3 = (l/2)i?Vk|a.;a3) (B6b) 

l^V 01020304 ^ (3/5) -R^(oi|l/|o2;0304) ~ (-'-Z^) ^'^(oi|p|o2-^''o3|iy|o4) (B6c) 

7'',.ooooo =(2/3)i?^ II ,-(l/3)i?^, I I i?'' I I ,-(2/3)i?^, II I I , (B6d) 

' U O1O2O3O4O5 V / / (01 |l/|02;030405) ^ ' ^ (Oi|p|02 a^\v\a4:a^) ^ ' ' (Oi|p|02;03 04|l^|05) ^ ^ 
I 1/010203040506 y-'l ' ) (01 |l^|02;03040506) ^ ' ' ) (oi|p|o2 03 1 1 04 ;05 Og ) 

-(10/7) i?^, II i?'' I I ,-(10/7)i?^, II i?'' I I , + (l/7)i?^, , , R'' , , i?^„ ^(B6e) 

^ ' ' (0i|p|02;03 04|!y|05;06) ^ ' ' (oi |p| 02 10304 a5\u\ aej ' ' (0i|p|02 03|t|04 05|I/|0(3jV J 



The bitensors 7(p) (x, x') permit us to construct the co- and of its inverse denoted by T{x,x'). Of course, the 
variant Taylor series expansions of the bitensor H{x, x') 
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later satisfies The components of the bitensors ri(^p-f(x, x') are therefore 

of the form 

HT = TH = 1 (B7) 

and is also a tensor of type (1, 1) in a; and a scalar in x' . 
We have 

rix,x') = -l + J2-^-/(p)i^,^') (B8) 

P=^ v^/^{x,x') = r,'^,,^,„,^{x)a^'^^{x,x')...a'^''{x,x'), 

and (Bll) 



+ 00 



H{x,x') = -l + Y,^^V{p)ix,x') (B9) 

p=2 P- 



with 



l<fc<[p/2]pi,...,Pfc>2 



fj^^^ — _ I ^ . ) with this result being a direct consequence of l|B4l) and 



BlOp . It is possible to express the bitensors 77(p) in terms 
Pi'+---+Pk=p of the bitensors K(^py From HBlOfl and (|B5|I . we obtain 

X7(p^) . . .7(p^). (BIO) the ry(p) for p = 2, . . . ,9. We have: 



77(2) = -(l/3)if(2) (B12a) 
,7(3) = --(l/2)if(3) (B12b) 
77(4) = "(3/5) if(4) - (7/15) if(2)' (B12c) 

77(5) - -(2/3) if(5) - (4/3) if(2)i^(3) - ^(3)^(2) (B12d) 

77(6) = -(5/7) if(6) - (18/7) if(2)if(4) - (25/7) K^^)^ - (11/7) if(4)if(2) - (31/21) ^(2)^ (B12e) 
77(7) = -(3/4) if(7) - (25/6) if(2)if(5) - (33/4) X(3)i^(4) - (27/4) if(4)i^(3) " (13/6) if(5)if(2) 

-(73/12) i^(2)'if(3) - (31/6) i^(2)i^(3)^(2) - (17/4) if(3)if(2)' (B12f) 
77(8) = -(7/9) if(8) - (55/9) if(2)if(6) - (140/9) i^(3)i^(5) - (91/5) if(4)' - (98/9) i^(5)i^(3) 

-(25/9) i^(6)i^(2) - (239/15) if(2)'i^(4) - (226/9) if(2)i^(3)' - (106/9) if(2)i^(4)^(2) 

-(182/9) if(3)X(2)if(3) - (160/9) if(3)'if(2) - (43/5) i^(4)i^(2)' - (127/15) if(2)* (B12g) 
77(9) = -(4/5)if(9) - (42/5)if(2)if(7) -26ir(3)%) - (196/5) i^(4)if(5) - (168/5)%)%) 

-16X(6)X(3) - (17/5)X(7)X(2) - (168/5) %)'%) - (378/5) %)X(3)X(4) 

-66%)X(4)X(3) - 22if(2)X(5)if(2) - 60X(3)if(2)%) - 98%)=^ - 47if(3)%)if(2) 

-(232/5) X(4)X(2)if(3) - (209/5) X(4)X(3)X(2) - (74/5)%%)' - (226/5) %)3%) 

-(197/5) i^(2)'%)i^(2) - (184/5) %)%)%)' - 31 %)%)^ (B12h) 

By using (jBll|) and ljBl|l into (|B12p , we can also obtain the expressions of the components 77^^ ^ of the bitensors 
77(p) . The components of the lowest order bitensors ry^p) take the form 

^^a,a. =-(l/3)i?V|.|,,) (B13a) 

^^a,a.a3=-(l/2)i?VlHa.;a3) (B13b) 
'7^1/ 01020304 ^ "(3/5) -R''(ai|iy|o2 10304) ^ C^/IS) ^^(oi|p|o2^''o3|i/|a4) (B13c) 

V^'.aannn =-(2/3)% s-(4/3)% , , i?'' , , s-% R'' , , , (B13d) 

/ 2^0102030405 \ / / (oi |i^|a2;030405) V / / (ai|p|a2 a3|z^|04;05) (ai|p|a2;03 04|i^|o5) V / 

V 1^010203040506 — "(5/7) -R (oi|iy|a2;0304a5a6) ~ (18/7) i? (ai|p|o2^ 03 0410506) 

-(25/7) R^, II i?'' I I ,-(11/7)% ,, R'' , , ,-(31/21)% . . R^ , R''„uAn\- 

^ I ' (ai|p|02;03 04|i/|05;a6) ' ' (01 |p|Q2;0304 a^\v\aQ) \ ' / (ai|p|a2 03|t|q4 arj\v\a^) 

(B13e) 
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Finally, we can now construct the covariant Taylor se- 
ries expansion of the bitensor A(x, x') from the covariant 
Taylor series expansions of the bitensors H{x,x') and 
T{x,x'). Indeed, by differentiating the identity JSJ) in 
X and in x' , we obtain the relation a'''^^ — cr.,/o''^'' + 

^■ixcr''^"'' ■ We then multiply this result by gppi and taking 
into account 136all. we can write 



9pp^ 



<^''''' = {gpp'^'''') +^^^V^ {gpp''^'"'') ■ (B14) 



This relation links the components of the bitensors H 
and A. It can be rewritten in the form 

H^AH + DH (B15) 

where we have introduced the differential operator 



As a consequence, we have 

A = 1 - {DH)r. 



(B16) 



(B17) 



The covariant Taylor series expansion of A{x,x') is there- 
fore given by 



+00 



p=2 P- 



(B18) 



where the A(p)(a:,a:') are also tensors of type (1, 1) in x 
and scalars in x' of which components are of the form 



(B19) 



and it can be constructed from the covariant Taylor se- 
ries expansions of H{x,x') and T{x,x'). By noting the 
identities 



D [K(p)K(q)] ={p + q) K(p)K(q) + if(p+i)i^(g) + K(p)K(q+^) 

D [K(p)K(q)K(r)\ = (p + q + r) K(p)K(q)K(r) + K(p+l)K(^q)K^r) 

D [K(p-^K(q)K(^)K(^)] ={p + q + r + s) K(p)K(q)K(^)K(s'^ + 

+K(p)K(q+l)K(r)K(s) + K(p)K(q)K(r+l)K(s) + K (p)K (q)K (r)K (s+1) 



(B20a) 
(B20b) 

(B20c) 

(B20d) 



which follow from (|B1|) and ||SJ|, a tedious calculation using (pT7|) . ijBTS^ as well as ljBT2| . (|B8| and permits 

us to obtain the A(p) for p = 2, . . . , 9. We have 



A(2)--(2/3)i^(2) 

A(3) = -(l/2)i^(3) 

A(4)-- [(2/5) i^(4) + (8/15) 



[(l/3)i^(5)+i^(2)i^(3)+if(3)if(2)] 

[(2/7) i^(6) + (10/7) i^(2)i^(4) + (17/7) if(3)' + (10/7) ^^(4)^^(2) + (32/21) if(2) 



^(5) 
A(6) 

A(7) = - [(1/4) i^(7) + (11/6) i^(2)i^(5) + (17/4) i^(3)i^(4) + (17/4) i^(4)if(3) 

+ (11/6) i^(5)i^(2) + (17/4) if (2)'i^(3) + (29/6) if(2)if (3)if (2) + (17/4) if(3)if(2)'] 

A(8) = - [(2/9) if(8) + (20/9) if(2)if(6) + (58/9) if(3)if(5) + (44/5) if(4)' + (58/9) if(5)if(3) 
+(20/9) if(6)if(2) + (42/5) if(2)'if(4) + (146/9) K(2)if(3)' + (92/9) K(2)K(4)if(2) 
+(124/9) if(3)if(2)if(3) + (146/9) if(3)'if(2) + (42/5) if(4)if(2)' + (128/15) if(2)"] 



(B21a) 
(B21b) 
(B21c) 
(B21d) 
(B21e) 

(B21f) 



(B21g) 
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and 



H9) 



[(1/5) X(9) + (13/5) X(2)X(7) 



9^(3)^(6) 



(77/5) if(4)if(5) + (77/5) X(5)X(4) 



+9i^(6)X(3) + (13/5) if(7)if(2) + (71/5) i^(2)'i^(5) + (187/5) K^^^K^^^K^^^ 

+40 if(2)if(4)if(3) + 18 i^(2)^(5)^(2) + 31 if(3)i^(2)i^(4) + 62/^(3)3 + 40 X(3)i^(4)i^(2) 
+ 31 if(4)if(2)if(3) + (187/5) if(4)X(3)i^(2) + (71/5) if(5)if(2)' + 31 if(2)'if(3) 
+ (181/5) if(2)'i^(3)^(2) + (181/5) X(2)X(3)i^(2)' +31 if(3)i^(2)'] ■ 



(B21h) 



By using (|B19|) and (|Bip into (|B21|) , we can also obtain the expressions of the components 7^^ ^ of the bitensors 
7(p). The components of the lowest order bitensors A(p) take the form 



010203 ^ ^(1/2)^ (Qi|iy|o2:Q3) 



u 0102030405 



A^ 



f O1O2O3O4O5O6 



(2/5)-R^(ai|i.|Q2;0304) + (^/15)^''(oi|p|q2 -^''0311^104) 

(1/3) i?^ II s + i?^ I I i?'' I I ,+i?^ I I i?'' I I ^ 

\ ' ' (01 |i^|02;a3a4a5) (oi|p|a2 a3|i^|04;a5) (oi|p|a2;03 04|i/|a5) 

(217) R^, I I , + (10/7) i?^ I I RP I I , 

\ ' ' (ai|iy|02;a3Q40506) ' \ ' ' (0i|p|02 03|iy|04:Q5Q6) 



(B22a) 
(B22b) 

(B22c) 

(B22d) 



+ (17/7) i?^ II i?'' , I ^ + (10/7)i?^ ,, i?'' , I , + (32/21) i?'", , , RP . R''„ uAn \ 

'V / / (ai|p|o2;Q3 a4|iy|o5:a6) ' v i ' (oi |p|a2 10304 a5\u\ae) ' V ' ' (oi|p|o2 03|t|o4 05|i/|0(3) 



(B22e) 



The relations (|B18|I and l|B2ip provide a compact form 
for the covariant Taylor series expansion up to order (t^/^ 
of the bitensor A. Similarly, the relations (jB9p and (jB12|) 
provide a compact form for the covariant Taylor series 
expansion up to order cr^/^ of the bitensor H. It is also 
possible to provide the covariant Taylor series expansions 



of the bitensors A and _ff in a more explicit form, i.e. by 
working at the level of their components A^^^ — a'-^^, and 

Hf^^, = g^u'O''^'^ ■ Of course, the corresponding results 
are much more heavy. From (|B18|) , IBlQp and (|B22|I we 
obtain 



fT — n - i /? rr'°irr'°2 -I- J_ /? rr'^irr'^^rr'"^ 

^;pi^ — ypi^ 2 ''/^oii/02^ ^ ^ ''/^oi 1/02 ;o3 ^ ^ 



1 



_;oi .^;a2 _;a3 _;o4 

(7 a <j a 



gg -^tiaiiJa2;a3ai + ^j, ^poi p02 -^''031/04 

ggg ^^011/02:030405 + Y2O ^f-^'^^P"'^'^^ 120 ^'^"l'"'2'''3^''o 



^;oi^;o2^;o3^;o4^;o5 



2520 ^''°i'^''2''^304a5a6 "I" RtJ.aipa2RP a^vcii-.a^c 



17 
5040 



7? 

^/^aip02 ;03 a 



1 

"""soi 

+ 0fa^/2 



RtJi,aipa2;a3aiRP a^ycLQ + g^j^ ^A"iipo2 -^''a3ra4 ^ oai/og 



(B23) 



(here we have not included the term of order cr^/^ corresponding to (|B21f|) . the term of order cr^ corresponding to 



( |B21g| )) and the term of order a^l"^ corresponding to (jB21h|) ') while from (|B9|) . IjBlip and IjBlSp we obtain 
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12 



7 



+ 



1 



1 



1008 



11 „ 31 



1008 



+0 a^' 



(B24) 



(here we have not included the term of order tr^/^ corresponding to (|B12f|) . the term of order ct'* corresponding to 
( |B12g| ) and the term of order cr^/^ corresponding to (|B12h|) '). 



It should be noted that the previous expansions were 
obtained b y D eWitt P, 0] up to order a and by Chris- 
tensen |2y[ |21| up to order ct^ . They have been recently 
improved by Anderson, Flanagan and Ottewill |2^ who 
have obtained the terms corresponding to the order ct^/^. 
In Ref . ;23] , Phillips and Hu have calculated the term of 
order for the expansion of (7;^i/ but their result is in- 
correct: even if we simplify their equation (B25d), there 
remain three terms of which coefficients disagree with our 
own results in (|B23|) . 

APPENDIX C: COVARIANT TAYLOR SERIES 
EXPANSIONS OF THE BISCALARS A^^^ AND 

In this Appendix, we shall construct the covari- 
ant Taylor series expansions of the biscalars A^^'^ and 
/\-i/2^i/2^^^;m orders a^-^^^ and a^^^ respectively. 

We first consider the biscalar Z which is defined as 
the logarithm of A^/^. The general form of its covariant 
Taylor series expansion has been obtained by Avramidi 



[iliOl. It is given by 

Z{x,x')^Y.-^C^,){x,x') (CI) 

where the Qp){x, x') are biscalars of the form 

C(p) (x, x') = Ca,...a, {x)a'''' {x, x')... a''^^ (x, x') (C2) 

which can be constructed from the bitensors 7(p)(a;,a;') 
by using the relation 




piH \-pk=P 



xtr(7(p^^)...7(^)). ^ (C3) 
From this relation and from the relations (|B5() which ex- 
press the 7(p-) in terms of the , we can obtain the . 
After a long calculation, we have found that the terms 
corresponding to p = 2, . . . , 11 are given by 
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C(2) = (l/6)trX(2) (C4a) 

C(3) = (l/4)trX(3) (C4b) 

C(4) = (3/10) trK(4) + (1/15) trif(2)2 (C4c) 

C(5) = (l/3)trX(5) + (l/3)tri^(2)i^(3) (C4d) 

C(6) = (5/14)trif(6) + (4/7)tri^(2)i^(4) + (15/28) trifo)^ + (8/63) tr/^(2)3 (C4e) 

C(7) = (3/8)tri^(7) + (5/6)tri^(2)i^(5) + (9/4) tri^(3)i^(4) + (4/3) tri^(2)2i^(3) (C4f) 
C(8) - (7/18) trif(8) + (10/9) trif(2)i^(6) + (35/9) tr K^^^K^^) + (14/5) tvK^^)^ 

+ (136/45) trif(2)2i^(4) + (50/9) tri^(2)if(3)' + (8/15) trif(2)^ (C4g) 

C(9) = (2/5)tri^(9) + (7/5)tri^(2)i^(7) +6trif(3)if(6) + (56/5) trif(4)i^(5) 

+ (28/5)trif(2)'i^(5) + (73/5)trif(2)i^(3)i^(4) + (73/5) tri^(2)i^(4)if(3) + 9trif(3)3 

+ (48/5) trK(2) 3/^(3) (C4h) 

C(io) = (9/22)trX(io) + (56/33) tr if (2) if (8) + (189/22) tr if(3)if(7) + (216/11) trif(4)iC(6) 
+ (140/11) trif(5)2 + (304/33) trif(2)'if(6) + (1015/33) trif(2)if(3)if(5) 
+ (480/11) trif(2)iC(4)' + (1015/33) trif(2)if(5)if (3) + 81 trK^^-^^K^^) 
+ (896/33)trif(2)3if(4) + (149/3) trif(2)'if(3)' + (805/33) tr if (2)if(3)if (2)^^(3) 
+ (128/33) trif(2)^ (C4i) 



and 



C(ii) = (5/12)trif(n) + 2trif(2)if(9) + (35/3) trif(3)if(8) + (63/2) trif(4)if(7) + 50tr A'(5)if(e) 
+ 14trif(2)2if(7) + (170/3) trif(2)if(3)if(6) + 103trif(2)if(4)if(5) + 103trif(2)if(5)if(4) 
+ (170/3)trif(2)if(6)if(3) + (575/3)trif(3)2if(5) + 273trif(3)if(4)' + (184/3) trif(2)3if(5) 
+ (317/2) trif(2)'if(3)if(4) + (317/2) trif(2)'if(4)if(3) + (461/3) trif(2)if(3)if(2)i^(4) 
+(860/3) tr if (2) if (3)=^ + (320/3) trif(2)^if(3). (C4j) 

By using ljC2p and ljBl|) into ljC4|l . we can also obtain the expressions of the components Cai...ap of the biscalars Qp). 
The components of the lowest order biscalars C(p) take the form 

Caia2 = (l/6)i?aia2 (C5a) 

Caia2a3 = (1/4) i?(aia2:a3) (C5b) 

(01020304 = (3/10) i?(Qia2:a3a4) + / '^^) {ai\T\a2^^ aslplat) (C5c) 

(0102030405 = (1/3)^^(0102:030405) + (l/3)^''(ai|T-|a2'^""a3|p|o4:Q5) (C5d) 

(010203040506 — (5/14) i?(ai02 ;03040506) 

+ (4/7)i?' 

(0i|r|02-^ 03|p|04;0506) 

+ (15/28) i?V.k|o2;o3^^04|p|o5;o.) + (8/63) i?Vk|o2^\,k|o4^"o5|p|oe) (C5e) 

(01020304050607 = (3/8) i?(a^02:0304050607) + (''/6) ^''(oi|t|o2"^ 03|p|04;050607) 

+ (9/4) ^''(ai|r|02;03^^a4|p|05;0607) + (4/3) -^^i k|o2-^^03 k|o4 |p| 06 107) (C5f) 

(01O2O3O4O5O6O7O8 = (7/18) i?(oi02;0304050a070s) + (10/9) i?^|.^^|^|^^i? 03|p|04;0506070s) 
+ (35/9) i? (ai|r|02;03^ 04|p|05;06070s) + (14/5) i? (oi|t|o2;0304^ 05|p|06;070s) 

+ (136/45) ^^''(Qj|T-|a2^^^03k|a4^'^05|p|06:0708) + (^0/9) -^''(oi | r 1 02 ^^^03 | cr 1 04 ;05 ■^''06 | p| 07 ;08 ) 

P DT rit7 

(oi|r|o2 03|ct|04-^ 05|k|06 07|p|08) 



+ (8/15) R'', Ma.,^'" a.\a\a.R" a.Ma.R'' a-,\p\as)- (C5g) 



The covariant Taylor series expansion of the biscalar Is}/"^ can now be constructed from (|C1|I and \CA\ . By 
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noting that 

= (C6) 
we can write this expansion in the form 

Ai/2(x,.x') = 1 + 2 ^^<5l/2(rt(x,x') (C7) 
where the biscalars (x, x') are of the form 

(C8) 

I 



Here, it should be noted that ^^^^(p) is a notation and 
nothing else. The symbol 1/2 simply recalls that 5^^^(p) 
is a "component" of the covariant Taylor series expansion 
of AV2: 

we do not attribute any meaning to the symbol 
5(p) itself. Using ljCl|l and l|C4|l into l|C6|l . we obtain after 

another long calculation the expressions of the ^^^^(p) for 
p — 2, ... ,11. We have 



S'^\2) = {l/6)ti-K(2) (C9a) 
<5i/2(3) = (l/4)trif(3) (C9b) 
'5'/'(4) = (3/10)tri^(4) + (l/15)trif(2)2 + (1/12) (tri^(2))' (C9c) 
5^/2(5) = (1/3) trif(5) + (1/3) tri^(2)if(3) + (5/12) tri^(2) tri^o) (C9d) 
51/2(6) = (5/14)tri^(6) + (4/7) tr if (2) if (4) + (15/28) trifo)^ + (3/4) trif(2) trif(4) 

+ (5/8) (trif(3))' + (8/63)trif(2)' + (1/6) trif(2) trif(2)' + (5/72) (trif(2))' (C9e) 
5^/2(7) = (3/8) tr if (7) + (5/6)trif(2)if(5) + (9/4) tr if (3) if (4) + (7/6) tr if (2) tr if (5) 

+ (21/8) tr if (3) trif(4) + (4/3) trif(2)'if(3) + (7/6)trif(2) trif(2)if(3) 

+ (7/12)trif(3)trif(2)2 + (35/48) (trif(2))' trif(3) (C9f) 
^1/2(8) = (7/18) tr if(8) + (10/9)trif(2)if(6) + (35/9) tr if (3) if (5) + (14/5) trif(4)2 

+ (5/3)trif(2)trif(6) + (14/3) tr if (3) tr if (5) + (63/20) (trif(4))' + (136/45) trif(2)'if (4) 
+(50/9)trif(2)if(3)' + (8/3) trif(2)tr if (2) if (4) + (5/2) tr if (2) trif(3)2 
+(14/3) tr if (3) tr if (2)^^(3) + (7/5) tr if (4) tr if (2) ' + (7/4) (tr if (2)) ' tr if (4) 
+(35/12) tr if (2) (tr if (3)) ' + (8/15) tr if (2)^ + (16/27) tr if (2) tr if (2)' 

+(7/45) (trif(2)')' + (7/18) (trif(2))' trif(2)2 + (35/432) (trif(2))' (C9g) 
^1/2(9) = (2/5) tr if (9) + (7/5)trif(2)if(7) +6trif(3)if(6) + (56/5) tr if (4) if (5) 

+(9/4) trif(2) trif(7) + (15/2) tr if (3) tr if (g) + (63/5) trif(4) tr if (5) + (28/5) tr if (2) 'if (5) 
+(73/5)trif(2)if(3)if(4) + (73/5)trif(2)if(4)if(3) +9trif(3)3 + 5trif(2) trif(2)if(5) 
+(27/2) tr if (2) trif(3)if(4) + 12trif(3) trif(2)if(4) + (45/4) trif(3) trif(3)2 
+(63/5) tr if (4) tr if (2)^^(3) + (14/5) tr if (5) tr if (2)" + (7/2) (tr if (2))' tr if(5) 
+(63/4)trif(2)trif(3)trif(4) + (35/8) (trif(3))' + (48/5) trif(2)3if(3) 
+8trif(2) trif(2)'if(3) + (8/3) tr if (3) trif(2)3 + (14/5) trif(2)' trif(2)if(3) 

+(7/2) (trif(2))' trif(2)if(3) + (7/2) trif(2) trif(3) trif(2)' + (35/24) (trif(2))' trif(3) (C9h) 
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S'^\io) = (9/22)tri^(io) + (56/33) trif(2)i^(8) + (189/22) tri^ojif (7) + (216/11) tri^(4)i^(6) 
+ (140/11) trX(5)2 + (35/12) tr if (2) trK(8) + (45/4) trif^) trX(7) + (45/2)trX(4) trX(6) 

+ 14 (trif(5))' + (304/33) trif(2)2if(6) + (1015/33) trif(2)K(3)K(5) + (480/11) trif(2)%)' 

+ (1015/33) trif(2)if(5)if(3) +81trif(3)2if(4) + (25/3) trif(2) trif(2)if(6) 

+ (175/6) trK(^2) trif(3)-ftr(5) + 21trif(2) trif(4)^ + 25trif(3) tiK(^2)K(^5) 

+ (135/2) tr /s:(3) tr ii'(3)if(4) + 36 tr if(4) tr is:(2) /s:(4) + (135/4) tr if(4) tr /^(a)^ 

+28trX(5)trX(2)K(3) +5trX(e)trif(2)2 + (25/4) (trX(2))' trif(6) 

+35trX(2)trX(3)trif(5) + (189/8) trX(2) (trX(4))' + (315/8) (trX(3))' trX(4) 

+(896/33) trif(2)'if(4) + (149/3) tr if (2)'X(3)' + (805/33) tr if (2) if (3) if (2) if (3) 

+(68/3) trif(2) trif(2)2if(4) + (125/3) trif(2) tr if (2) if (3) ^ + 40tr if(3) tr if(2)2if(3) 

+8 tr if(4) tr if(2)^ + 8 tr if(2)^ tr if(2)^(4) + (15/2) tr if(2)^ tr ifp)^ 

+14 (trif(2)if(3))' + 10 (trif(2))' tr if (2) if (4) + (75/8) (trif(2))' trif(3)2 

+35 tr if (2) tr if (3) tr if (2) if (3) + (21/2) tr if (2) tr if (4) tr if (2)^ + (35/4) (trA'(3))^ tr iffa)^ 

+(35/8) (trif(2))'trif(4) + (175/16) (trif(2))' (tr if(3))' + (128/33) trif(2)'"' 

+4trif(2)trif(2)'' + (16/9) tr if (2) 2 trA'(2)-^ + (7/6)trA'(2) (trif(2)^)^ 

+(20/9) (trif(2))' trif(2)3 + (35/36) (trif(2))' trif(2)2 + (35/288) (trif(2))' (C9i) 

S'^\n) = (5/12)trif(n) + 2tr if(2)if(9) + (35/3) tr if (3) if (g) + (63/2) tr if (4) if (7) 

+50 tr if (5) if (6) + (ll/3)trif(2) trif(9) + (385/24) trifp) trif(8) + (297/8) tr if (4) trif(7) 

+55trif(5) trif(6) + 14trif(2)'if(7) + (170/3) tr if (2) if (3) if (e) + 103 tr if (2) if (4)%) 

+103 trif(2) if (5) if (4) + (170/3) trif(2)if(6)if(3) + (575/3) trif(3)2if(5) + 273 tr if (3) if (4)' 

+ (77/6) tr if (2) tr if (2) if (7) + 55 tr if (2) tr if (3) if (g) + (308/3) tr if (2) tr if (4) if (5) 

+ (275/6) trif(3) trif(2)if(6) + (1925/12) trif(3) trif(3)if(5) + (231/2) tr if (3) trif(4)2 

+(165/2) trif(4) trif(2)if(5) + (891/4) trif(4) tr if (3) if (4) + 88 tr if (5) trif(2)if(4) 

+(165/2) tr if(5) tr if (3)^ + 55 tr if (g) tr if (2)^^(3) + (33/4) tr if (7) tr if (2)" 

+(165/16) (trif(2))' trif(7) + (275/4) tr if (2) trif(3) triffg) + (231/2) tr if (2) trif(4) trif(5) 

+(385/4) (tr A'(3))' trif(5) + (2079/16) tr if (3) (trif(4))' + (184/3) tr if (2)3if (5) 

+(317/2)trif(2)'if(3)if(4) + (317/2) trif(2)'if(4)if(3) + (461/3) trif(2)if(3)if(2)if(4) 

+(860/3) trif(2)if(3)^ + (154/3) trif(2) trif(2)^if(5) + (803/6) trif(2) tr if (2) if (3) if (4) 

+(803/6)trif(2) tr if (2) if (4)^^(3) + (165/2) tr if (2) trif(3)3 + (374/3) tr if (3) tr if(2)2if(4) 

+(1375/6) tr if (3) tr if (2) if (3) ' + 132 tr if (4) tr if (2) 'if (3) + (176/9) tr if (5) tr if (2) ^ 

+(55/3)trif(2)2trif(2)if(5) + (99/2) trif(2)2 trif(3)if(4) + 88trif(2)if(3) trif(2)if(4) 

+ (165/2)trif(2)if(3) trif(3)2 + (275/12) (trif(2))' trif(2)if(5) + (495/8) (trif(2))' trif(3)if(4) 

+ 1 10 tr if (2) tr if (3) tr if (2) if (4) + (825/8) tr if (2) tr if (3) tr if (3) ' 

+ (231/2) tr if (2) tr if (4) tr if (2) if (3) + (77/3) tr if (2) tr if (5) tr if (2) ' 

+ (385/4) (trif(3))' trif(2)if(3) + (231/4) trif(3)trif(4)tr if(2)2 + (385/36) (trif(2))' trif(5) 
+ (1155/16) (trif(2))' trif(3)trif(4) + (1925/48)trif(2) (tr if(3))^ + (320/3) tr if(2)^if(3) 
+88trif(2) trif(2)^if(3) +22trif(3) trif(2)^ + (88/3) trif(2)2 trif(2)2if(3) 

+ (176/9) trif(2)if(3)trif(2)3 + (110/3) (trif(2))' trif(2)2if(3) + (220/9) trif(2) trif(3) trif(2)3 
+ (77/3) tr if (2) tr if (2) ' tr if (2) if (3) + (77/ 12) tr if (3) (tr if (2) ' + (385/36) (tr if (2) ) ' tr if (2)if(3) 
+(385/24) (trif(2))' trif(3) trif(2)2 + (1925/576) (trif(2))^ trif(3). (C9j) 
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By using ICSjl and (|B1|) into (|C9|I . we can also ob- biscalars 5^^'^{p) take the form 
tain the expressions of the components 5^^'^ai...ap of the 
biscalars (5^/^(p). The components of the lowest order 



<5'/\ia. = (1/6) i?aia. (ClOa) 

^'/'aia.as =(l/4)i?(aia.;a3) (ClOb) 

5^'\^a,a,a, - (3/10) Ria^a,:a,a,) + (1/15) R\a,\r\aR\Ma,) + [1/ 12) R^a^a, Rasa,) (ClOc) 

S^^'^aia2a3aia5 ~ (1/3) i?(aia2;a3a4a5) + / ^) ^'^ {ai\T\a2^^ aalpla^-.a^) + (5/12)i?(aiQ2^a3a4;a5) (ClOd) 

^ ^ 010203040506 ~ (5/ 14) 02 1030405 Oe ) + (4/7) (oi|r|o2^ 03|p|04;0506) 

+ i'^^/'^^)R''{ai\T\a2;a3R''a4\p\ary,as) + (3/4) ^(0102 ■Ro304;0506) + (5/8) i?(oi02 ;03 ^0405 ;06) 

+ (8/63) ^''(ai|r|02^^03k|04-R''05|p|06) + (1/6) -^(ai02^''03|r|04-^^05|p|06) 

+ (5/72) i?(aja2^0304-Ro506) (ClOe) 

<5 ^ O1O2O3O4O5O6O7 = (3/8) -R((jj(j2.(j3(j_j(jj.(jg(j7) + (5/6) ^''(q^|t.|(J2^ 03|p|04;050607) 

+ (9/4) ^''(a^|^|a2:03^^04|p|05:0607) + (V^) -R(oi02 ^0304:050607) + (21/8) i?(QiQ2;03^0405;0607) 
+ (4/3) ^''(aj|^|a2^V3k|04^'^05|p|06;07) + C^/S) ^(oi02-R''o3|T|o4^^Q5|p|a6;07) 

+ (7/12) -R(0i02;03-R''Q4|r|05^^06|p|07) + (35/48) i?(ai02-Ro304-Ro506;07) (ClOf) 
6 ^ O1O2O3O4O5O6O7O8 = (7/18) i?((jjci2;ci3ci^(j5aga^(jg) ^ (10/9) -^''(01 |t|02^ O3 |p|04;05 060708 ) 

+ (35/9) i? (ai|r|02;03^ 04|p|o5:06070s) + (14/5) -R (01 |t|o2;0304^ 05 |p| 06 ;0708) 

+ (5/3) i?((jl02 -^0304;05060708) ~^ ( 14/3) j ;03 -^0405 :06 O7O8 ) 

+ (63/20) -R(oi02;0304-Ro506;0708) + (136/45) ^^''(q^ | ^ | -R'^ag | o-| 04 ^'^05 | p| Oj, ;0708 ) 

+ (50/9) -R''(ai|r|o2^^03k|o4:05^''o6|p|o7:08) + (8/3) ^(0402 ^''03 |r [04^^05 |p|o6:0708 ) 

+ (5/2) ^(oi02-R''o3|r|o4;05-^''o6|p|o7;Os) + (14/3) -R(oi02;03^''o4|r|o5^^06|p|o7;08) 
+ (7/5) i?(oi02;0304^''(jj,|^|(jg-R 07|p|08) ~^ (7/4) i?(oi 02 -R03O4 -R05 Oe ;0708) 

+ (35/12)i?(aja2 ^0304:05 -Ro607;08) + (8/15) ^''(a^ |t|o2 -^"^03 |o-|o4 '^''os | k|o6 '^'"07 |p|o8) 

+ (l6/27)i?(ai02^''a3|r|04^^a5k|06^''07|p|08) + (7/18) ^(0102-R0304-R''a5|r|06^^a7|p|08) 

+ (7/45) ^''(ai|r|02-^^a3|p|04^'^05|A|06^\7k|08) + (35/432) i?(oi02-Ro304^0506-Ro708)- (ClOg) 



The relations HC7p and ljC9|l provide a compact form explicit form by using (|C7|) . ljC8p and (jClOp . Of course, 
for the covariant Taylor series expansion of the biscalar the corresponding result is very heavy. For this explicit 
A""^/^. It is also possible to give this expansion in a more expansion up to order cr"*, we have 
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8640 



1920 



-^04 02 ;03 Ra^a^'^aQO 



03r04 a^paQ-^ay 
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p 
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24192 ^°i''2^a3a4:a5a6a7a8 + gg^g ^0402 103 ^^0405 ;060708 
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f? f? \ pp pr per 

12800 226800 aira2^ 03CT04^ a5pa6;a7a8 



R'' R^ 
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,.R\. 



36288 aiTa2 a3cra4;a5 a6pa7;as 15120 "'"'^^ ci3Ta4 a5pa6;a7 
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D Dp DT 

'^aia2^ a3ra4;a5 ae 



1 



16128 ""1"^" a3ro4;a5--- aepaT,a8 ' gg40 
-Roi 02:03 04 ^''05 roe ^ 



sroe 07PO8 ' 23040 
1 



D Dp DT 

-'^aia2;a3^ 04x05 a6pa7;a8 
Raia2 Ra^o.^ Ra^aQiaYdg 



28800 

13824 1 ^2 ^1314 -'i'aRa7;a8 1 75500 ^ ai '''(I2 " a3'7a4-^"' as^.a^^" a7pa8 

1 „ „„ 1 



DP f?''" f?^ C"^ 

ni-rnn^l' n.T,-T/7,^l' n^i^-n^-'^^ 



68040 
1 

259200 
1 

497664 



D Dp DT TD(T 

^aia2^ 03x04^ ascrae a 



103680 



Raia2Ra3a4^R^ a^rap,R a 



f?P T?'^ f?'^ f?^ 

^ aiTa2 a3pa4-^ asAae a7Kas 



Rai a2 Rasa^Ra^aQ Raj a 



^;ai^;02^;03p.;04p.;05p.;a6^;07^;a8 



o 



(Cll) 



(here we have not included the enormous terms given in (|C9h|) , (IC9ip and ( |C9j| l which correspond respectively to the 
orders cr^/^, cr^ and cr^-'^/^ of the expansion). 



It should be noted that this expansion was obtained up 
to order a by DeWitt 0,01) up to order by Christensen 
milll and up to order cr^/^ Brown and Ottewill 
The term of order disagrees with the recent calculation 
of Phillips and Hu in Ref. |2^ : the signs of the last three 



terms in their equation (C12c) are incorrect. 

Let us now consider the covariant Taylor series expan- 
sion of the biscalar T :— A~^/^A^/^;^(7'^. By noting that 
we have 



T = Z;^cr'^ = DZ 



(C12) 



34 



(this is an immediate consequence of (jCGI) ). it is obvious By noting the identities 
that this expansion is necessarily given by 

(—l)p 

T{x,x') = Y,^-^T^p){x,x') (C13) 

where the r(p)(a;,x') are biscalars of the form 

r(p) (x, x') = Ta,...a^ (x)cr'''i (x, x')... a'"" {x, x'). 

(C14) 

I 



D [tr = p tr X(p) + tr K^p+i) (C15a) 

D [tr K(^p-fK(^g^] ={p + q) tr K(p)K(^q) + tr K(p+i)K(^q) + tr K(p)K(^q+i) (C15b) 
D [trii'(p)if(^)i^(r)] = {p + q + r)ivK(p)K(q)K(^) + K(p+i)K(q)K(^) 

^'tvK(p)K(^q+i)K(^) +tvK(p)K(q)K(^+i-^ (C15c) 

D [tv K(^p)K(q)K(^y.)K(s)\ = {p + q + r + s)iv K(^p)K(q)K(^r-)K(s) + K(p+i)K(q)K(r)K{s) 

+tr K(p)K(^q+i)K(r)K(s) + tr i4:(p)-ft:(g)X(r+i)iir(5) + tr K(p)K(^^)K(^r)K(s+i) (C15d) 



which follow from (|B1|) and another tedious calculation using (|C12|I . (|C13|I as well as (|Cip and (|C4p permits us 



{C16a) 
(C16b) 
(C16c) 
(C16d) 
(C16e) 
(C16f) 



for p = 


2, . . . , 9. We have 






T(2) = 


(l/3)trif(2) 








T(3) = 


(l/4)trif(3) 








T(4) = 


(l/5)trif(4)- 


h (4/15) tr if (2)2 






^(5) = 


(l/6)tri^(5)- 


h trif(2)-ft:(3) 






^(6) = 


(l/7)trif(6)- 


h(10/7) trif(2)%) 


+ (17/14) trif(3)2 + 


(16/21) trif(2)3 


^(7) = 


(l/8)trif(7)- 


h(ll/6)trif(2)%) 


+ (17/4)trif(3)if(4) 


+ (20/3)trif(2)2if(3) 


T(S) = 


(l/9)trif(8)- 


h(20/9)trif(2)if(6) 


+ (58/9)trif(3)if(5) 


+ (22/5)trif(4)2 



+ (608/45) trif(2)2-ft:(4) + (208/9) tr ^^(2)^^(3)^ + (64/15) trii'(2)'^ 
T(9) = (l/10)trX(9) + (13/5)trif(2)if(7) +9trif(3)if(6) + (77/5) tr if (4)^^(5) 

+ (116/5) trif(2)2if(5) + (271/5)trif(2)if(3)if(4) + (271/5) trif(2)if(4)if(3) 
+31 trif(3)^ + (336/5) tr if (2) 'if (3). 



(C16g) 



(C16h) 



By using ifHTl) and (|BTJ into (|nT6)l . we can also obtain the expressions of the components Tai...ap of the biscalars 
r(p) . The components of the lowest order biscalars T(p) take the form 



7(1102 — (1/3) Raia2 
■'"010203 = (1/4) -R(oi02;03) 

T'oi020304 = (1/5) -R(oi02;0304) + (V 1 5 ) ^ | ^ | ^2 '^'^03 | p| 04) 

■'■01O2O3O4O5 — (1/6) i?(oi02:030405) + ^''(oi|t|o2"^ 03|p|04;05) 

■''01O2O3O4O5O6 — (1/7) i?(oi02;03040506) + (10/7) i? (q ^ | t- | 03 | p| 04 :05 Oe ) 



+ (17/14) ^''(ailr|02;03-^^a4|p|05;06) + (16/21) -R^i klo2 ^^"a klo4 ^"o 



sIpIos)- 



(C17a) 
(C17b) 
(C17c) 
(C17d) 

(C17e) 



The relations (|C13|I and ljC16|) provide a compact form for the covariant Taylor series expansion of the biscalar 
T = A~^/'^A-'^/^;^CT'^. Of course, it is also possible to give that covariant Taylor series expansion in a more explicit 
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form by replacing into ljC13p and (jC16|l the Kip\ by their expressions ljBl|) . We then have 



^ p _| J_ DP pT 

-|^2Q -^^Ilfl2;<i3a4 ~r gQ -fi- aira2 a^pa^ 

^ p 1 pp pr 

J2Q ^0li2;a3a4a5 ' -|^2Q aira2 a3pa4:a5 

p I ^ np pr 

5040 '^^^^'"^'^^^^'^^ 504 aira2 a3pa4;a5a6 

17 1 

j pp pT I DP pT DO" 

10080 aiTa2;a3^ a4pa5;a6 ^ g^g ^ aira2^ 03(704^ a^pag 



+0 {a^^ 



(C18) 



(here we have not included the terms given in (|C16f|l , ( |C16g| ) and IjClfihp which correspond respectively to the orders 
CT^/^, and a^/^ of the expansion). 



APPENDIX D: COVARIANT TAYLOR SERIES 
EXPANSIONS OF THE BITENSORS F, F-,^, F;^^ 
AND DF WHEN F IS A SYMMETRIC BISCALAR 

In this Appendix, we shall first construct the covariant 
Taylor series expansions of the covariant derivative, the 
second covariant derivative and the d'Alembertian of an 
arbitrary biscalar F{x,x') from that of this biscalar. We 
shall then express the constraints induced on all these 
expansions by the symmetry of the biscalar F{x,x') in 
the exchange of x and x' . 

Let us first consider an arbitrary biscalar F[x^x'). Its 
covariant Taylor series expansion is given by 



+00 /y\p 

F{x, x') = fix) + J2 —phhv) 



p=l 



(Dl) 



where the f(p){x,x') are biscalars in x and x' which are 
of the form 

/(p) (x, x') - fa,...a, (x, x')... a'^- (x, x'). (D2) 

Its covariant derivative {\/F){x,x'), its second co- 
variant derivative {WF){x,x') and its d'Alembertian 
{n\F){x, x') possess covariant Taylor series expansions 
given by 



In Eq. IjDSp . /(x) is a tensor of type (0, 1) in x of which 
components are of the form f^{x) while the /(•p-)(x,x') 
with p — 1,2,... are tensors of type (0, 1) in x and scalars 
in x' of which components are of the form 



fpa,...a^x)a^'''{x,x')...a'^''{x,x'). (D6) 



In Eq. ljD4p . f{x) is a tensor of type (0, 2) in x of which 
components are of the form f ^^{x) while the /(p-)(x,x') 
with p= 1,2,... are tensors of type (0, 2) in x and scalars 
in x' of which components are of the form 



In Eq. (|D5|I . f"{x) is a scalar in x while the /^'^^(x,x') 
with p = 1, 2, . . . are biscalars of the form 



+ 00 



(VF)(x,x') = /(x) +^ ^^/(^)(x,x') (D3) 



p=i 

+ 00 



( VVF)(x, x') = f{x) + Y^ M^/(p) (D4) 



p=i 

+ 00 



{nF){x,x') = /"(x) +^ i^/(';)(x,x'). (D5) 
I 



Of course, we can establish relationships between the 
components of the covariant Taylor series expansions of 
F{x,x'), (VF)(x,x'), (VVF)(a;,x') and {nF){x,x'). By 
taking the covariant derivative of (|D1|I and by using 
(|D2|I as well as the covariant Taylor series expansions 
of CT'^j^ given in Eqs. (|B18|) and (|B19|I . we can hnk the 
components of the covariant Taylor series expansions of 
{\7F){x,x') and F{x,x'). We have 
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f fi aia2 faia2;^ ffj,aia2 fp^ ^ aia^ 

f fi ai...ap ~ fai...ap;fi ~ ffiai...ap ~ f p ai...ap 

r+s—p ^ ^ 
r>l, s>2 



(D9a) 
(D9b) 
(D9c) 

(D9d) 



Similarly, by taking the covariant derivative of (|D3|) and 
by using ljD6|l as well as the covariant Taylor series expan- 
sions oi (j'^jj given in Eqs. (jBlSp and (jB19p . we can link 



the components of the covariant Taylor series expansions 
of {VVF){x,x') and {VF){x,x'). We have 



1 =1 -1 -1 y 
7 =7 -7 ~1 y 

V I ^ I 7„ Mn „ A'', I , for p > 3. 



(DlOa) 
(DlOb) 
(DlOc) 

(DlOd) 



r-\-s—p 
r>l. s>2 



It is also possible to link the components of the covariant 
Taylor series expansions of (VVF)(x,x') and F{x,x'). 
This can be done by using (jD9|l into (jD10|) . The resulting 
relations are rather complicated and we do not display 
them here. However, it should be noted that they permit 

us to show the symmetry of /^^^ and of the /^^ in 
the exchange of the indices /i and a result which does 
not explicitly appear in Eq. (|D10p . It is also possible to 
link the components of the covariant Taylor series expan- 
sion of {DF){x,x') and F{x,x'). This can be done from 
the previous results by noting that 

/" = and /:^...,^ = a,...a, for p > 1. 

(DU) 

We now assume that the biscalar F(x, x') is symmetric 
in the exchange of x and x' . It is well-known that this 
property induces constraints on the coefhcicnts fai...ap (x) 
of the covariant Taylor series expansion of F{x,x') (see, 
for example, Ref. [33 )■ These constraints are of the form 

Iai...ap ( l)^/ai...ap 

+ E(-lf(fc)/(a,...a,;a.,,...a,)forp>l. 



fc=0 



They permit us to determine the odd coefficients of the 
covariant Taylor series expansion of F{x, x') in terms of 
the even ones. We have for the odd coefficients of lowest- 
orders 

fa, = (1/2) (D13a) 
/aiaaaa = (3/2) /(aiaaiaa) - (1/4) f;{aia2a3) (D13b) 

= (5/2) /( 

0-1 (2.2 0.3 0-4; (2.5 ) 

-(5/2)/( aia2 ;a3a4(25 ) 
+ (l/2)/;(aia.a3a4a5) (D13c) 
faia2a3aiasaear = (7/2) /( 

— (35/4) /(aia20304;050607) + (21/2) /(aia2;a3a4050607) 
-(17/8) /;(ai02a3a4a50607) (D13d) 

(9/2) /( 

^1 f{aia2a3a4a^aQ:aYasacj) 63 f(^aia2CL3CL4'.,CL5aQa7asag) 

-(153/2) /( 

0102 103040506070809) 

+ (31/2)/ ;(oi02a304a506070sa9)- (D13e) 



(D12) 



Of course, the constraints ljD13|l permit us to 
"simplify" the covariant Taylor series expansions of 
{VF){x,x'), {VVF){x,x') and {DF){x,x'). As far as 
the later is concerned, it is given by (|D5p and by using 
(|DTT|| . ||DT0)| and lO as well as (|D13al) and (|D13b|l we 
obtain for its coefficients of lowest orders: 
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f" = 

f" = 

J aia2 



(I— l/);ai + „ /'p;ai faf.p r, ^'^aiflp 



^2 ^^aifpa2 + ^^aif\pa2 ^' g Rpaiaa2f^ 



(D14a) 
(D14b) 

(D14c) 



r 



Finally, it is interesting to construct the covariant Tay- 
lor series expansion of the biscalar f;^cr' ^. It can be ob- 
tained from (|D3)l . (|D6)| . (|D9)| and ||DT3)| by noting that 



^* p, a\...ap^ ^ 



(this relation being a direct 
consequence of the symmetries of the Riemann tensor). 
We have 



F,,a'^^^ {1/2) f,a,<J-'^- + [fa. 



a, -(1/2) a^^'^a^'^^ 

- [(1/4) /a,a.;a3 - (1/8) f;a,a2a,] a^"^ V^"^^ a^'^^ 
+ [(1/6) /a -(1/4) /a ia2;a3a4 

+ (1/24) f.,a,a2a,a,] a'"^ tT^'^^ a'"^^ a'"^* + O (a^/^' 

(D15) 



APPENDIX E: COVARIANT TAYLOR SERIES 
EXPANSIONS OF THE BISCALAR DA^/^ 



In this Appendix, we shall obtain the covariant Tay- 
lor series expansion of the biscalar DA^/-^ up to order 

. We shall derive these results from three intermediate 
long calculations concerning the covariant Taylor series 
expansions of Z;^, Z-^^^, and DZ up to orders cr^/^, 
and CT^ respectively. In those calculations, we have ex- 
tensively used the commutation of covariant derivatives 



J 



in the form as well as the Bianchi identities 

Rabcd + Radbc + Racdb — 
Rabcd-e + Rabec-d + Rabde-c — 



and their consequences 



■d 



abed 
ab 



— Rac\b Rbc;a 
iy^)R;a 



and 



and 



R^'^^ aRrapb — (1/2) R'"^'^ g^Rparb 
R'"^'^aRrcrpb;c — (1/2) R''"^ aRp<yrb-c 
R'"^^aRTcrpbx.d = (1/2) R'"^^aRp<yrb;cd 
R^""^ a hRropc-d = (1/2) i?'"^^^ ,i?pcrrc;d 



T>P(TT p _ 

a-^Tbac:p ^ 
^ a-^Tbac:pd 



R 



par 



■ lyRrcad^p 



-(1/2) R'"^'^ aRparb-c 
— (1/2) R'"^'^ aRpcrrb-cd 
-(1/2) R''"'' ^.j,Rpcrrc;d- 



(Ela) 
(Elb) 



(E2a) 
(E2b) 



(E3a) 
(E3b) 
(E3c) 
(E3d) 

(E4a) 
(E4b) 
(E4c) 



Let us first consider the covariant Taylor series expan- 
sion of Z';p. Up to order ct^/^, it is of the form 



Z., 



/• /T'^^ -I- r /T'^^/T'' 

^ l-L ai ~^ 2! 0-10-2 



Sp 010203^^ 



3! 



"I" ^1 C/j OiC 



5! 



(E5) 



where the coefficients with p ~ 1, . . . , 5 are obtained from l|C5a|) - (|C5ep by using (|D9|I and ljB22ap - ljB22c|) and 

are given by 



Cp =-(l/6)i?^oi 

Cp QiQ2 = (1/12) i?oi02;M - (l/6)i?^(ai;a2) 

Cp 010203 = (1/10) -R(oi02;|M|a3) - (3/20) Rp(ai;a2a,) " (1/15) R'' ^,r{ai^'' a2\p\a3) 



2\p\a3) 



Cp Q1020304 — (1/10) -R(oi02:|/j|o3a4) (2/15) i?p(oi;020304) + (1/15) -R''(£(^|^|q2^ a3|p|o4);At 

~(2/15)^''p^(Qi-R^02|p|a3;04) ~ (2/15) R''(^ai\T\a2^''\pp\a3;ai) ~ (2/15) i?p(ai ;02 ^''03 |p|o4) 



-^(1/10) i?(0402;|p|i?' 



03IPI04) 



(E6a) 
(E6b) 

(E6c) 



(E6d) 
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and 



(2/21) i?( 

(oi|t|o2"^ 03|p|o4:|/j|q5) 

"(4/21) ^''^^(aj^^Q2|p|a3;a4a5) ~ (4/21) ^''(q^ | ^| ^^|pp|a3 ;a405) + (13/84) ^''(^^ | ^l^^. |^| ^"'03 |p|a4;a5) 
-(5/14) ^V(ai;o2^''o3|p|o4;o5) + (V42) i?p(aii?''<,,|^|<,3.<j^<j,) " (3/14) i?p(oi;o2-R''a3|p|o4;05) 
+ i^7/M)R^a,a2:\p\R''asMai;a,) " (2/7) ^p(oi ;0203 ^''a4 |m|o5 ) + (^/^l) ^("102 ; |plo3 ^''a4 l^ks) 
-(1/126) ^p(oi^''a2|r|o3^''o4|M|a5) ~ (^/^S) ^ V(ai ^^02 1<t1o3 ^^"04 |p|o5) 

-(2/63)i?V(..^'..k|a3^''o4|Ha=)- (E6e) 



Let us now consider the covariant Taylor series expansion of Z-^^i,. Up to order cr^, it is of the form 



^a"' 'A"^ "1 oMP'' 0102" qma"' 010203^^ " 



5 \^ piJ O4 ' 2I^M^ O1O2 ^I^A^^ 010203 

^1 ^^I^ 01020304 



+ tX^.u 01020304'^^°^^^"^^^"^^^'^* + O fa'^/') (E7) 



where the coefficients C^u ^-^id d^^^, a^...ap withp — 1, . . . , 4 can be obtained from (|E6p by using HD10|) and IIB22ap - IIB22c|) 
and are given by 



C =(l/6)i?''" (E8a) 



C' = (1/12) i?^''^^^ - (1/6) R^^^-""' (ESb) 
?'"'oi02 - (l/20)i?,,„,^(-^) + (1/20) i?''''^^,^,^) - (2/15)i?(^(,;t) + (1/90) 
+ (11/90) i^.f^.i?"'-^),^) + (l/45)i?V.i?V/..) + (V45)i?V(..^'"'^a2) 

+ (l/45)i?V(oi^^^''o2) (E8c) 
?'"'oi0203 - (l/30)i?'"'^(,,,,,3) + (1/20) (1/10) i?(./''"^.,.3) 

+ (l/12)i?,(„,i?-(^'')^^^^^) + (l/60)i?,«,,<^,^/'^-) + (1/30) 



-(l/15)<,,,i?^'„/,3) - (l/10)i?(-(^^^|^|i?^),/,^,) + (7/30)i?,(.,„,i?''(-''),^) 

-(1/I0)i?(.,.,^|,|i?''(-),^) - (l/15)^ViM02^^03)p'"''^ - (l/15)i?V.Ma2''^'' 03)p 

^ ,p r 
p r;(ai-"' 02 03) 

+(l/30)i?Vrfi'ro/o.o3) (E8d) 



-(l/15)<.(oi^''^^:2;o3) + (l/15)<.(.,i?''^^,,3) + (l/30)i?V.;(oi^^ 

P (a-i 02:03) 
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and 

7^"^ =(3/70)R '''P"^ -\- (1/42) Rp'^ — (8/105) R^'^ '"^ 

S 01020304 V / / (0102 0304) ^ ' ^ ;(oi020304) ^ ' ' (01 020304) 

~iy^^^)R'''R'\a.Ma2;a3a.) + (3/35) "^2 |p|o3;04) + (3/35) i?''*^ |,|.3 

-(17/105) i?^'^,^ ^''"^''^02|p|03.04) - (4/105) i?V;'"02^''^03|p|04) + (H/lOS) i?''^.3 I p| O4) 

+ i^/3^)R'"'-Xa.aX\.\pM - (4/21)<o;''"o2^^l3|p|o4) + (2/35)i?V^|p| "'..;.304) 

+ (1/105) i?Vi^|p|0203^''"^04) + (53/210) i?Vi;02^|p|^'"'^03;04) + (19/210) i?V...^|p|a304?'"^ 

+ (11/35)7?", i?| 1*""^ (43/420) i?, '"i?, ,-(5/84)7?. '"R, , (^'"^ 

-(4/21)i?(.,.;''.3^|p| '^^04) + (4/105) i?VM.2^^03|p|04)'''^^ + (l/28)i?VlM02"^^03|p|04)" 

+ (4/105) i?«'/i?^(„,|,|,,,<,3,,) + (4/105) i?V.k|02^V;a304) + (V14) i?''V;(0i^^02|p|03;04) 

-(4/35)i?Vk|o2''o3^'^"'V|a4) - (4/35)i?Vk|02^^''|p|03"^04) " ( 1 3/ 105) i?''^ (^.-^ i?^,, | „ ,3 ) 
-(13/105) i?ViMo2'"^'^"'V|a3;o4) + (8/105) i?''^(„,i?l^l''Vk.;.304) + (8/105) ,.3.,) 

+ (l/14)n.(oi;02^^^''o3;04) + (l/14)i?V(.i;a2^^''\3;04) + ^^Vi^^)R'^R\a^p\a2^\3\r\a.) 

^{Xlil5)R'PR\P\^^^^^^R\^\^:\^^-(S.8lZX5^ 

+ (46/315) i?p(oii?Vl'a2^'''o3^'o4) + (2/315) i?p(oii?''<,,|.|,3^^*"''^04) 



+(8/315) i?''V^i?^(,,|.|,,i?\3|p|,,) + (32/315) R\.^,,R\,\„\^.,R''^^''\^^ 

+ (4/315) i?VH.,i?^^'V.|^'^'a3''^04) + (4/315) i?''^(oi^'^'o2''^03^Vp|a4) 

+ (4/315) i?''^(.,i?''^L2^'o3^^04)p. + (16/315) i?''^(.4^'^"^V|a2^^3|p|04) 



+ (8/315) i?V(ai^Vro2^''o3^04) + (8/315) n.(.,i?^V|a.^^<.3^04)- (E8e) 

Here, the symmetry of all these coefficients in the exchange of the indices fi et v should be noted. 
The covariant Taylor series expansion of OZ up to order can be now obtained. It is of the form 

OZ = C" - C'a.a'''' + ^C"oi02'^^°^^^'^^ - ^C"oi0203^^"^^^°^'^^"^ + ^C"oi020304'^^'^^^^"^^^"^^^"^ + ^ (^^Z^) (E9) 

where the coefficients C" and ("^^ with p = 1, . . . , 4 can be obtained from lESp by using (|D11|I and are given by 

C" = (l/6)i? (ElOa) 
C"oi = (ElOb) 

C"oi02 = [imaRa.a, - (1/60) R,a^a, ' {H / R\^Rpa, 

+ (1/30) RprR'aJa, + (1/30) RP''\^Rp.ra, (ElOc) 
C"oi0203 - -(l/60)i?;(,,,,,3) + (1/20) [nR(a,a,);a:,) - {i / 10) R\^R\p\ar,a3) + {I / 12) R\^R,,,,),p 

+ (l/30)i?^;(,,i?^O2|p|o3) + (l/30)i?''.i?^(,,|p|,,,3) + (l/15)^''^^(.,^|p.r|02;03) (ElOd) 

C"oi020304 = (3/70) (□i?(aia2):0304) - (1/70) i?;(ai020304) - (38/105) i?''(^^i?|p|a2:0304) 

+ (19/105) i?''(^^i?,,,3,|p|,,) - (17/105) i?''(^^^^^i?|p|,3;,,) - (l/21)i?''(^^^^^i?,3,,)^p 
+ (5/84) i?(,^,;''i?0304);p + (1/35) R',R''^ 

+ (l/21)^V;kl^" 

+ (l/30)n;(,,i?^O2|p|o3;o4) - (4/35)i?Vi;k|a2^ 

03IPI04) + (11/105) 03 |p|04) 

03IPI04) 

+ {2/i5)RP''\^R\ 

+(l/28)i?V.kk;'^V3|p|o4);r + (19/420) i^^-^^^^^i^ip.,,,,;,,) - (2/315) i?"(^^i?|.|„,i?\,|^|,^) 

+ (26/315) R''.R\a,\r\aR\.M + (26/105) R\,R\:a3R\p.r\a,) 

+ (4/315) R'''^'^Rp(aMa.Rw\aM + (4/105) i?'"'Vi^|prro2^k|a3|K|o4) 

+(16/315) i?''^V.^|P ^^102^1^.31^104) + (8/315) R''\,R\,^\\Rw\a3\.M- (ElOe) 
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Finally, by noting that 



(Ell) 



we can constructed the covariant Taylor series expansion of DA^/'^ up to order ct^. We have 



(E12) 



where the coefficients S^^'^ and S^^'^ ai...ap with p — 1, . . . , 4 can be obtained from (|E11|I by using the expansions of 
Ai/2 (see Eq. (fnTT|) ). Z.^, (see Eqs. ^5^-^^) and DZ (see Eqs. and (|ET0|) ). They are given by 



S'/^" = (1/6) i? 

^1/2' 



^1/2' 



a,a. = (1/20) □i?,,^, - (1/60) i?;a,a. + {1/36) RRa^a, - (1/15) RP^^Rpa, 
f (1/30) iJpri?^/^, + (1/30) RP^\^Rp.ra, 

a^a.a, = -(1/60) R.,ia,a,a,) + (1/20) (□i?(,,, J ) + (1/24) RRia,ar,a,) 



-(2/15)i?Vi^lH«.;-3) 



(1/30) 1,1,3) 



-(1/30) ii^^ii-f,^ 1,1,^^,3) + (l/15)i?''--(^^i?|p..|,,;,3) 



^1/2 



01020304 - (3/70) (□i?(aja2);0304) " (1/70) i?;(aia20304) - (1/60) ii; (aiQ2 -^0304) 
+ (l/20)i?i?(a^a2;a3O4) + (1/20) i?(Qia2 ^^0304) - ( 1^/ 105) i?'',-^^ i?|p| 

02 ;03a4) 

(3/14)i?V;a.^'^3a4);p 



^ (oi;Q2"^IpI<»3;04) 



(V21)^''(<j^.|<,|^''a2|p|o3;o4) 



+ (1/21) i?''(^^i?,,,3^l,|,^) + (1/210) i?' 

+ (17/168) i?(,^„;''i?„304);p + (1/35) i?''.i?"(oi|p| 
+ (1/30) i?^^(„^i?^,l,|,3^,,) - (4/35) 
+ (4/105) i?^^(,^,,i?^,3|p|,,) + (4/105) i?''^ 

+ (1/28) ^V.k|a2^'^"a3|p|o4);. + (19/420) R 

-(1/15) R'' (^^^R\p\a^_Rasai) + (1/63) ^''(^^ ^|o-|o2 -R^, |p| 04) + (1/30) ^'"^^(ai02^|pla3klQ4) 
+ {imRR\,,\,\,R\Ma,) + {imRia,a.R'"'\,R\p.r\a,) 
+ (26/315) i?''.i?^(,,|,|,,i?^,3|p|04) + (10/ 63) ^V.^"a2^03^|p.r|04) 

+ (4/315) i?'«^--i?p(,,|.|„,i?|,|,3|,|„,) + {A/1Q^)RP''\^R^^^^\R\ 

CT|03|K|a4) 

+ (16/315) i?'"'Vi^|p| V|a2^kl'^3k|o4) + (8/315) R'^\,R^pr\ aRW\a.\.\a,)- 



TD(T I 

[\a\a2 a3 |p|a4) 
(ai|cr|a2 a3|p|a4 



(ai;a2 IP^'^l^3;a4 



(11/105) a3|p|a4) 

+ (2/35) i?'"^^(^^i?|pcrr|a2;03a4) 
) + (1/72) i?i?(<jiQ2i? 



(E13a) 
(E13b) 

(E13c) 



(E13d) 



(ElSe) 



r 



The coefficients (|E13a() - (|E13c|l were calculated by Chris- 
tensen ,2^ ,2,1] . In Ref . , Brown and Ottewill have 
obtained some of the terms of the coefficient (|E13d|) and 
their result has been corrected in the recent article by An- 



derson, Flanagan and Ottewill 28]. To our knowledge, 
the expression of the coefficient (|E13cll is new. Finally, 
from (IE 121) and IE 1311 we can write 
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□AV2 = i 
6 



60 
1 

360 



cr' cr' 



Q«n -^;aia2a3 + -1^20 ('~'"^"i"2 );a3 iaa -^-^ai02;a3 -^^01-^/902 las 



1 



1 

i44 



1 

45 



_|__!_ F?P F?''" ^ Dp DCr _j_ DPCTT D 

j^gQ -'^ <T;ai^ a2pa3 ' -j^gg ^ ct^ aipa2;a3 QQ ai^P'^ra^^a^ 



+ 



5gg (□i?aia2);a3a4 -^ggg -R; 
+ 4gO«aia2UK„3a4 2520 



01020304 ]^44Q "R;aia2-Ro3a4 "I" ^gQ -R-Rai02;0304 

^''ai ^pa2 10304 + ^''oi-Ro203;p04 + gg^ ai;a2^P°-3\°-i 



^ rip D I '^'^ D ''^7? -I- DP D''' I ^ f?P f?'^ 

' W2 ai;o2 ''304;p ' 4Q32 '^K's -'''0304;^ "r g^g ^ a"- oi/9a2;a304 gg^ oi;cr-''' 02po3;o4 



I DP DCT 

720 '''S"! 02pa3;a4 



— ff"^ -I- "^"^ P f R"^ -I- DP D''^ 

ai;(T02 03pa4 2520 ^^^^ ^ 03p04 ^^fi (T;aia2 03p04 



210 

1 



630 



I DP nff"^ -I- T}P'^^ R -i- ^ RP '''^ R" 

630 0lf02 aspai ' 420 ai-'"'P'''Ta2;a3a4 t" g'^2 aio'a2 03p04;T 

19 11 

+ Y0O8O <ii\a2^P'^'r«'3;a.4. + Y728 '^"'^'*i"2-Ro3a4 ~ -R''oi -Rpa2 -^0304 

+ 1 i;i O -R''oi-Ro-02-R 03pa4 "I" ^^OTl "^'^ ^O.ia2^pa3<7a4 + 777^ -^-^''01(702-^ a3P04 



1512 "~ «3P04 ■ 720 

1 13 



720 
1 



3780 



2160 

DP p<7 pT I DP DC T p 

^ CT-"- 01X02^ a3pa4 J^Q ^ ai^ 02 03-"'P<^'^«4 



1890 -^pOlT02-'"-CT03K04 ' ggg 



I ^ 'DPi^'^ R ^ R J- RP^*^ R ^ R 

945 ai P r02-"'<^«3K04 "T g^g ai^pT 02-"'<^03Ka4 



0-;ai^;a2^;a3^;o4 ^0-5/2^ _ 



(E14) 
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